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NATIONAL AERONAUTICS AND SPACE AEMINISTRATION

MEMORANDUM 5-26-59L

MODIFIED MATRIX ME_HOD FOR CALCULATING STEADY-STATE

SPAN LOADING ON FLEXIBLE WINGS IN SUBSONIC FLIGHT

By Patrick A. Gainer and William S. Aiken, Jr.

S_RY

A method is presented for shortening the computations required to

determine the steady-state span loading on flexible wings in subsonic

flight. The method makes use of tables of downwash factors to find the

necessary aerodynamic-influence coefficients for the application of

lifting-line theory. Explicit matrix equations of equilibrium are con-

verted into a matrix power series with a finite number of terms by uti-

lizing certain characteristic properties of matrices. The number of

terms in the series is determined by a trial-and-error process dependent

upon the required accuracy of the solution. Spanwlse distributions of

angle of attack, airload, shear, bending moment, and pitching moment

are readily obtained as functions of qm R where q denotes the dynamic

pressure and mR denotes the lift-curve slope of a rigid wing. This

method is intended primarily to make it practical to solve steady-state

aeroelastic problems on the ordinary manually operated desk calculators,

but the method is also readily adaptable to automatic computing equipment.

INTRODUCTION

As a result of experience in calculating the span loading on flex-

ible wings, in which most of the work was done on a manually operated

desk calculator, it has been found that results are most rapidly obtained

by combining certain features from several methods. Reference i was

found to be invaluable for its explicitness in defining the relationships

between aerodynamic loadlngs and structural restraints in the form of

matrix equations. Reference 2 furnished tables of downwash factors which

can be used to eliminate most of the time spent in evaluating the elements

of the aerodynamic-influence-coefficient matrices. References 3, 4,

and 5 furnished an approach to the problem in which the overall problem

was divided into two parts: (i) the determination of the airload produced

by the various parameters in a particular equation of motion and the solu-

tion of the equation of motion for the relative amounts of each parameter;

and (2) conversion of the matrix equation of equilibrium into a finite



power series which is readily evaluated fol any flight conditions of
dynamic pressure and Machnumber to obtain angle of attack, airload,
shear, bending moment, and pitching momentresulting from any specified
initial angle of attack.

The purpose of the present report is to combine the various features
of these methods into a procedure which can readily be followed by the
engineer. A sample problem including the effect of external stores is
presented which illustrates in detail the procedures involved in solving
for the additional root angle of attack, wing load, and other related
quantities per unit of airplane load factor.

In order to maintain continuity in the development, the method for
using the downwashtables from reference 2 is given in an appendix; and
the pertinent portions of the downwashtables have been included in this
report with slight modification.

SYMBOLS

b

C8

c

c r

Cnc_

EI

F

GJ

g

h

K

L

wing span, ft

twist-increment coefficient

chord, ft

wing-root chord (at airplane center line), ft

section normal lift-curve slope

mean aerodynamic chord

bending stiffness, ib-in. 2

4_h
downwash factor, --w

P

torsional stiffness, ib-in. 2

acceleration due to gravity

vortex semispan, ft

interpolating factor in downwash tables (tables I and II)

aerodynamic wing lift outboard o_ station in question, positive

for up load, ib
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ne s

M

Mb

My

mes

mo

mR

n

q

S

W

X,Y

X

Xcg

xt

aerodynamic load acting on external store, ib

aerodynamic load acting on horizontal tail, ib

running aerodynamic wing load, ib/ft

Mach number

aerodynamic bending moment about axis parallel to airplane

center line through a given wing station, positive for up

load outboard of station, in-lb

aerodynamic pitching moment about axis perpendicular to air-

plane center line passing through quarter-chord point at a

given wing station, negative for up load rearward of axis,
in-lb

lift-curve slope of external store in presence of wing per

degree

two-dimensional section lift-curve slope per degree

lift-curve slope of rigid wing per degree

number of vortices on both wings

normal load factor at airplane center of gravity, positive
when inertia loads are downward

dynamic pressure, ib/sq ft

wing area, sq ft

gross airplane weight, ib

downwash velocity, ft/sec

longitudinal and lateral body axes, respectively

longitudinal coordinate, positive forward of reference line

passing through wing quarter-chord at airplane center line

distance from pltching-moment reference axis to airplane center

of gravity

distance from pitching-moment reference axis to aerodynamic
center of horizontal tail



CLS

P

A

Gv

a_t4

y lateral coordinate, positive outboard of airplane center line

angle of attack, deg

sT final angle of attack including deformation under airload, deg

initial angle of attack, deg

change in section angle of attack due to wing deformation under

airload, deg

circulation, sq ft/sec

difference between two values

dimensionless vortex spanwise station

sweep angle of wing quarter-chord line, deg

A3c/4 sweep angle of wing three-quarter-chord line, deg

h dominant latent root or eigenvalt_

Matrix notation:

[ ] square matrix

[ J row matrix

{} columnmatrix

[ ] diagonal matrix

N li rectangular matrix, number of rovs not necessarily equal to
number of columns

-1

[]

{E}
Ill

inverse matrix

error matrix

unit diagonal matrix



[[ Iintll integrating matrix

matrix of aerodynamic-influence coefficients per foot; obtained
from lifting-line theory as derived in reference 1

structural elasticity matrix relating change in streamwise
angle-of-attack distribution to airload distribution, as
derived in reference i, ft-deg/ib

ac

add

adj

c

cp

d

es

f

i

J

N

n

0

P

r

S

sta

aerodynamic center

additional

adjusted

chord

center of pressure

downwash

on external store

final, at equilibrium

initial

exponent in power series

number of terms

quantity per unit of airplane load factor

opposite wings

parabolic

at wing root (airplane center line)

same wing

station



T

v

Y

c_

trapezoidal

vortex

quantity at semispan station

quantity per unit of change in root angle of attack

Primes indicate the next smaller value.

METHOD

The equation relating the normal forces which act on a rigid air-

plane to produce a change in normal load factor, with wing loads due to

pitching velocity neglected, is as follows:

Anw = q_S _r + mLt (1)

When the wing is flexible, that part of the inertia load which acts

on the wing will cause a change in wing angle-of-attack distribution and

a resulting increment in aerodynamic lift which is proportional to Lkn.

Also, the initial aerodynamic load produced by A_ r will cause the wing

to deflect and twist with a resulting increment in aerodynamic load which

is proportional to _T" An equation which is equivalent to equation (i)

but which applies to a flexible wing with negligible pitching accelera-

tion can, therefore, be written as

mnw = qm_Sm_ + _ m_ _ mLn _n + mLt (2)

where _L_ is the airload increment due _o that part of the wing twist

caused by a unit change in _r and g_Ln is the airload increment caused

by the wing deflection under an i_lertia lead of i g.

The quantities _ and _L n can bc calculated separately. By

applying the equations of equilibrium bet_een external load and internal

restraint, the final angle of attack and Eerodynamic load produced by

distribution _i _ can be determined.initial-angle-of-attackany L J

Equilibrium-Angle-of-Attac_: Distributions

From reference i, if the final (at equilibrium)angle of attack _fl

of ]__i_ _¢ere known, the aerodynamic liftresulting from the application
I

distribution could be calcul[_ted by the equation



For this report,

{2f} = [SI] -i 14qmo!{c_f}

{_f} will be defined by

(3)

(4)

where {as} is the change in section-angle-of-attack distribution caused

by the load distribution {Zf) acting on the flexible wing. As in ref-

erence i, {as} is defined by

Substituting _} + {CLs} for {_f} in equation (9)and substituting

the resulting expression for {Zf} in equation (5) gives

{as} = Is2] [s_ -l[4qmol {_'i + as) (6)

Before continuing with the solution for {_s_, it will be desirable
L J

to factor both the dynamic pressure and compressibility variations out

of the matrix m4qmol and convert it to a matrix of constants. This

operation is performed by multiplying and dividing the matrix by qmR,

where mR is the overall lift-curve slope of the rigid wing. As a

result,

(7)

I

Each element of the matrix 14 _[ can be considered constant at

subsonic speeds. Equation (6) can, therefore, be written as

(8)
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Now, solving equation (8) for {ms] gives

-1

I W (9)

The normal method of solution of equation (9) would be by matrix

inversion. Since the matrix to be inverted - qm R

is a function of qmR, one inversion must be done for each value of qmR

to be investigated. Some method of iteration would be preferable, and a

very useful method can be developed as fol3_ows: By the process usually

known as "long division," equation (9) can be expanded into a power series

of any desired number of terms and a remainder term. For convenience,

let the matrix [[s2][Sl]-iL_l] be abbreviated as [$3]. Then,

equation (9) may be expanded to

r

"I" • • + (qm_)J[Lq -

-i (i0)

where the Jth-power term is the exact remainder after J steps in the

division. In this respect, equation (lO) is analogous to the expansion

1

i - X

- (i - x) -I = 1 + x + x2 + .... + (1 - x)-Ix j (ii)

Equation (ll) is true for all values _f x and J, and equation (lO)

is likewise true for all values of J. Therefore, the answer obtained

after J steps in the division must be eqlal to the answer after

J + 1 steps. In equation form, this may _e stated as
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+

.J

: [i_l +_'_73]+ • • +(_'_)J[s3}J +

Equation (12) reduces to

(12)

-1
(13)

-1
By solving equation (15) for [L if - qmRFssl l in terms of rss_ j and

L
[$3] J+l, it will be shown under certain it will bethat, conditions,

possible to substitute an easily determined scalar quantity for the matrix

-i

LL-rl - qmRLS3] i for the purpose of calculating the remainder term

(jth-power term) in equation (i0). Thus, equation (15) can be written as

= (14)

When j is sufficiently large, [$3] J+l is given to a high degree

of accuracy by k iS3] j, where h is the dominant latent root or eigen-

value of [$37. (See ref. 6 for further discussion.) Substituting

[_jj _o_is3]_+__ne_u_t_on<_>_o_



i0

(15)

However_ since

[fs_]_(-,__,q,_)]-:'[[__l= S 1

1 - Kqm R

and

equation (15) reduces to

II - qmR[S3 : [II i - XqmR
(16)

The jth-power term (the remainder) it,.equation (lO) can now be

written as

(qmR )j[ LIl - qmR [$3]] -i [$3] j (qm R )J= m -Xq_RLIlIs3]j

(qmR)J

1 - kqm R

Equation (i0) in its entirety becomes

• + (q_)J Jli-_qm R [$3] qmR[S}]{ (_i]

(LT)
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It must be made clear that equation (16) applies only to operations

on jth-power terms or higher powers of [$3]. This does not appear to be
L _

a practical limitation in aeroelasticity calculations, since increasing

powers of the typical I_S2][S_-I_ _]] matrix rapidly approach the

required simple form. Equation (17) simplifies to

• +
(qmR) J+l

1 - _q_
(18)

If

and

then, in general,

It is seen that it is not necessary to raise IS3] to the various powers

if _i} is specified. For a specific {c_i_ distribution, equation (18)

becomes

IC_sl = ICe,ll qmR + IC8,21 (qmR) 2

(_)N (19)
+ .+ {ce,N} 1, _

where N in equation (19) corresponds to J + i in equation (18).

In order to determine the number of terms N in equation (19) that

will be required to give any specified accuracy for <_s}, a trial-and-

error procedure is used. Essentially, this procedure consists of
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increasing N until two successive values _re found which give the same
answer to the desired accuracy. In other words, the equation with N
te_nnsmust yield the sameresult as the equation with N + i terms. This
condition is expressed as

IC@,l)qn%R+ IC@,_ )22_r(qmR + • .+Ico, lcq lN-Ico, }qm +
1 - Zqm R

where _E 1 is the difference between the two successive approximations

to Equation( )reduoesto

ICG NI (qmR)N =, l_hqm R {Ce,N} (qmR)N

fC _ (qmR)N+l

+ _@,N+III - kqmR +{ E}
(2l)

and equation (21) can be written as

!Ce,N} - ICe,N+l) qmR I- kqm R (qmR)N

(22)

Equation (22) represents a system of simultaneous equations with unknowns

i and {E}. The number of equations in the system is equal to the
1 - _q_

number of elements in {E}. Therefore, there is one more unknown than

there are equations. The required extra equation can be obtained in two

ways: (i) by assuming the value of an element of {E} at a particular

semispan station to be zero, and (2) by in_osing the condition that the

sum of the squares of the errors must be a minimum (least-squares method).

If the error is made to be zero at about the two-thirds-semispan station,

the first method will give about the same zesults as the least-squares

i
method and will be much simpler. The value of which will give

i - _qmR
zero error in equation (22) for one semispan station is
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1 = CS;N _ 1

1 - hqm R CGjN - qmRCe'N+l 1 %,N+I

Ce, N qmR

(23)

where ce, N and C%N+I are corresponding elements from the column

f )

matrices _Ce,N_ and _CS,N+I_ 3 respectively. The errors at the other
% p k ;

semispan stations are easily checked by solving equation (22) for {E}.

Thus,

= l l- Xqm R i1 - xq_R
(24)

The elements of {E} are then evaluated by inserting the value of

1 obtained from equation (25) into equation (24). It is apparent

1 - Xq_

that 1 and the error {E} both vary with qmR. Therefore, in
1 - _q_R

the trial-and-error procedure the highest value of

should be used to calculate
1

1 - Zqm R

qmR to be analyzed

and the error {E}.

The error {E} in equation (24) is not the actual error in the

calculated value of {_s} except when {E} _ {0}. It can be demonstrated

that the largest of the errors {E} is greater than the largest true

error in the assumed solution for {_s} in all cases where the {Ce}

terms alternate in sign.

When the columns iCe,N} and {C8,N + i} have been found which

make _E} sufficiently smallj JC_s_ can be evaluated from equation (19)

which is here repeated:

(q )N
• + l _,_j'l - Xq_
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Each initial angle of attack will require a different equation for

defining the resulting IC_s_. As might be expected, the number of terms
_ J

required to give any specified accuracy will depend on the shape of the

initial-angle-of-attack distribution. It can be assumed that the initial-

angle-of-attack distribution which consist_ of a unit angle of attack at

each semispan station will require at least as many terms in its equation

for a s _ as required by any other distribution normally encountered.

No harm will be done by carrying more than the minimum number of terms.

i
Therefore, if N and are determined first for the unit sym-

i - hqm R

metrical initial-angle-of-attack distribution, it will be unnecessary

to repeat the trial-and-error process for _ny other initial angle of

attack. It will be necessary only to comp_te the _C@_ terms through
{ J

IC@,N I"

since

The same value of
i

1 -

k is a property of the matrix

applies to all equations for {_s}

The final-angle-of-attack distributicn resulting from a particular

initial distribution is given by equation (4):

Thus, by combining equations (4) and (19) the final-angle-of-attack dis-

tribution is

1 - (25)

Airload Distributions

The airload distribution resulting from I_f} is calculated by

substituting _f_ from equation (25) in-_o equation (3) and then by

making use of the previously described conversion of h4qmol into

qmR_4 _l to obtain the following equation:
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(q IN II
(26)

By performing the term-by-term multiplication indicated in equation (26),

an equation for load distribution in terms of qm_ is obtained in the

form

2 _i

_f;_ = qmR!q--_ + (qmR) q_:_)2

where

.+ fqmR_ N+I _. ZIN ! i
\ / |(qmR)N+l i - _q_

(27)

m° CEs l
and so on for all the terms.

By integrating equation (27) term by term, an equation for aero-

dynamic shear (or total lift carried outboard of each station) resulting

from {_i_ is obtained. The integration is done by premultiplying by

a suitable integrating matrix# which is denoted here by flint . The

general form of the shear equation is

IL4IILl _= q_R + (qmR)2 LI
(qmR)2

where

I_} = IIIintllI_}

and so on for all the terms.

(qmR) N+II(qmR_N+I I - _qm R

(28)
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Now, the shear equation is integrated term by term along the Y-axis

to obtain a bending- (or rolling-) moment equation and along the X-axis

to obtain a pitching-moment equation. The same integrating matrix which

was used to obtain shears may be used for the bending moments. If the

wing quarter-chord locus is straight, the pitching-moment equation can

be obtained by multiplying the bending-moment equation by -tanAc/4-

In other cases, a different integrating matrix will have to be devised.

Application to Calculation of Additional Loading

The results of the calculations up to this point are equations by

means of which the final angle of attack, airload, shear, bending moment,

and pitching moment resulting from a given initial angle of attack can

be evaluated at any of the chosen wing stations for any value of qm R.

A particular flight condition may involve several different initial-

angle-of-attack distributions. Suppose, for example, that it is desired

to calculate the additional wing loading required to produce a certain

change in airplane load factor £_n. The lift forces acting on the air-

plane are related to the inertia forces by equation (2)

_nW : qmRS_r + aL_ a=r + mm_n + _Lt

or by

= (qm S+ + +

The quantity qmRS + _ is the total wing lift resulting from a

unit change in wing angle of attack alone; that is, it is twice the aero-

dynamic shear at the center llne calculated from equation (28) when

i_ s equal to 1° at each semispan station. The quantity 2_Ln is

twice the aerodynamic shear at the center line calculated when _i_

is the twist due to an inertia loading of 1 g on the wing. Equa-

tion (2) may be written as

ZknW = 2I_, r _ + 2Ln, I 2_n + 2_Lt

where L_, r and Ln, r are the values of IT at the center line

calculated by equation (28) for the unit symmetrical and inertial

twist initial angles of attack, respectively.

(29)
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If a certain value of Zkn is given, the quantities Z_GT and Z_Lt

remain to be determined in equation (29). The additional equation neces-

sary for this determination is the relationship between the aerodynamic

and inertial pitching moments acting on the airplane. A convenient ref-

erence axis for the pitching moments will be that passing through the

intersection of the wing quarter-chord line with the airplane center

line. The aerodynamic pitchlng-moment components corresponding to each

initial angle of attack will already have been calculated with respect

to this axis by integrating the shear distributions along the X-axis as

previously described. The required pitching-moment equation is, thus,

2_nWxcg = 2My,_,rA_ r + _My,n,rZln +2J_tx t (3o)

where Xcg is the distance from the pltching-moment reference axis to

the airplane center of gravity and xt is the distance from the pitching-

moment reference axis to the horlzontal-tail aerodynamic center.

By simultaneous solution of equations (29) and (30), Z_ T and Z_Lt

are obtained, respectively, as

r]
An Xcg] 2 - 2Ln' (51)Zk_r = _tt ] + q MY'n'r

2L_'r - _t MY'c_'r

and

ZkLt : Z_uW - 2L_, r Z_ r - 2Ln, r An (52)

The additional aerodynamic-shear distribution _Ladd_ corresponding

to the change in load factor An can now be evaluated from its components

by using the value of 2_T from equation (31). Thus,

(33)

Similar equations are used to evaluate distributions of angle of attack,

airload, bending moment, and pitching moment.
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Antisymmetrical Lo_dings

The same principles which have been applied in the previous sections

to symmetrical loadings may also be applied to antisy_netrical loadings.

The [S_ matrix for antisymmetrical loadings is different, as will be

described in the appendix. For this reason, the corresponding matrix

I[S ][ _-i_ m_]]
2 S is different and a different value of h will be

obtained for the antisymmetrical case.

Effect of Changing Wing Stiffness

Investigating the effects of changing the wing stiffness by a cer-

tain percentage which is constant along the span is a relatively simple

matter. Such changes have the effect of _tiplying [$2] by a constant.

Each term in the angle-of-attack equations needs only to be multiplied

by the appropriate power of the stiffness ratio. The changes are easily

followed through the airload, shear, and pitching- and bending-moment

equations.

External-Store Effects
%

If the wing carries external stores _lich produce some llft and

pitching moment, the matrix [[S_ _-i[4 _ 1 calculated for the wing

alone is easily adjusted to account for the stores with the following

provisions:

(i) The stores should not produce appreciable changes in the addi-

tional lift distribution of the rigid wing itself.

(2) The struts supporting the stores should be essentially rigid.

(3) The variations of store lift and pitching moment with angle of

attack must be known.

Each store can be handled separately by the following procedure:

The lift-curve slope of the external store in the presence of the wing,

which will be called mes , can be assumed _o be a constant fraction of

me--_s is constant. The air-the rigid-wlng lift-curve slope mR so that
mR

load on the store will then be expressed bM
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men s (34)
Les = qmR men

from which

dLes men S (55)
dc_es - qmR mR 2

The airload Les acting at the store center of pressure will produce

a change in angle of attack at each wing station because of wing twist of

the flexible wing. The change in wing angle of attack at each station for

each unit of store load is calculated by the methods described in refer-

ence 1. The results are arranged in a column matrix, each element of

d_ s
which is of the form . If each element of the column is multiplied

dLe s

dLes d_ s
by , t_e resultant column will consist of elements of the form _.

d_e s d_e s

Thus, equation (55) can be written ks

d_s d_s men S (56)

d_es = qmR dLes mR 2

or

l_!- dms d_s men S

qmR d_es ,dles mR 2

i _d_s _

The typical element of the column matrix _[d-_es J has the same prop-

erties as an element of the matrix I[$2]_SI]-I_4 m_l._ Under the assump-

tion that the external-store strut is rigid, _es will be the same as

the wing angle of attack at the store semispan station. If the store

station coincides with one of the vortex stations, the column matrix

l_d_s _ can be added directly to the column of the matrix

qmR Idles]
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S2 S which corresponds to that vortex station. In the

general case, where the store is between two stations, the column matrix

_-a_f _ _v_e_ _ot_oent_e t_o_o_ro_on_ oo_ _ot_t

L_
corresponding to the closer vortex station_ For instance, if the store

is located at a point one-third of the distance between two stations,

_ [_s]
two-thirds of the value of _[ _s[ is _Ldded to the nearest adjacent

column and the remainder is added to the oZher adjacent column of

[[$2_[SI]-114 _ 1 . This procedure is equivalent to interpolatlng

between two wing angles of attack to determine the store angle of attack.

When more than one store is present, several columns of

[[$21 [Sl_ -i L4 _II will be affected.

The _C8_ columns and all quantities derived from them must be
[ J

recalculated by using the adjusted S matrix. After

the equation for {CUr} has been determinel, an interpolation is made

between the column elements corresponding to the two wing stations adja-

cent to each store to allow evaluation of the final angle of attack at

the store stations for any value of qmR. The load acting on each exter-

nal store at equilibrium is then

m__ss (57)
Les = euf,esqmR m R 2

This load must be added to the new shear equations at each station

inboard of the store. Each station InboarZ of the store is also sub-

Jected to a bending moment and pitching moment caused by the load acting
on each store. These moment increments are

_Mb,es = Les _Yes
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and

where £kYes

2_My,es = Les 2_Xes

and £_Xes are measured from the external-store center of

pressure to the wing quarter-chord point at each vortex station involved.

APPLICATION OF ME_HOD TO SAMPLE PROBL_M

Sample calculations of the additional wing loading have been worked

out for the wing-nacelle combination shown in figure 1. The calculations

are divided into three parts. The first part, entitled "Influence Coef-

" includes the determination of the [S_ [S_ and 14 _I
ficients, , ,

matrices and of the external-store effects. The second part, entitled

"Load-Distribution Coefficients," includes the determination of equa-

tions for the required components of final angle of attack, airload,

shear, bending moment, and pitching moment in terms of qmR. The third

part, entitled "Additional Airloads," consists of the determination of

the wing-root airloads and tall airloads per unit of load factor for

specific conditions of qmR, gross weight, and center-of-gravity location.

For the sample problem# the lift of the wing was represented by

20 horseshoe vortices, each lO percent of the semispan in width. (See

fig. 1.) The center of each of the bound vortices is located on the

wing quarter-chord locus. The EI and GJ distributions which were

used to calculate the [S_ matrix by the method of reference i are

plotted against nondimensional semispan station in figure 2. The dimen-

sions of the sample wing are as follows:

Span, ft ............................ 116

Vortex semlspan, h, ft ..................... 2.9

Area, sq ft .......................... 1,428

Root chord, ft ......................... 17.54

Taper ratio .......................... 0.42

Aspect ratio .......................... 9.42

Quarter-chord sweep angle, deg ................. 55

Three-quarter-chord sweep angle, deg .............. 51.5

External-store location, percent of semispan .......... 38.2
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Influence Coefficients

The inverse of the aerodynamic-influence-coefficient matrix ([SI_-I>,
I

the matrix 14 _°I, and the structural-influence-coefficient matrix
L

$2_ re required in the calculation of final airload distribution, as

shown by equation (26):

_f}= qmR[Sl]-iL4 _I { _i} + qmR{Ce'l}

where

and

+ . +

mo

The product I[S2_[Sll-l[4 _I is first calculated for the wing alone,

and then the method of adding external-stcre effects is demonstrated.

Calculation of [Sl] .- The method of deriving the [S_ matrix

from the downwash tables (tables I and II'. is described in detail in

the appendix. For the sample problem, th_ required [h_J
matrices

are those given in equations (A6)and (AT1. The necessary IT1
matrix

is calculated from equation (All) as

[_I = I(Y)d] tan 31"_°+. cI_ - I(Y)vl tan 39°

which becomes, numerically,
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-i. 3421 2. 7425 4.1429 ).5434 6.9438 8.5442

0.1150 1.5154 2.9158 4.5162 5.7167 7.n71 8.5175

-1.n21 o.2883 1.6887 3.o891 4.4895 5.89oo 7.2904

-2.2763 -o.9588 0.4616 1.8620 3.2624 4.6628 6.0633

-3.5664 -2.166o -0.7655 0.6349 2.0353 3.4357 4.8561

-4.7935 -5.3931 -1.9927 -0.5922 0.8082 2.2o86 3.6090

-6.o2o6 -4.62o2 -3.2198 -1.8194 -o.4189 o.9815 2.5819

-7.2477 -5.8475 -4.4469 -3.0465 -1.6461 -0.2456 1.1548

-8.4749 -7.0744 -5.6740 -4.2736 -2.8732 -1.4728 -0.0725

-9.7020 -8.3016 -6.90]-I -5.5007 -4.1003 -2.6999 -1.2995

9.7446 11.1450 12.5455 15.9459

9.9179 11.3183 12.7188

8.69O8 I0.0912 11,4916

7.4637 8.8641 10.2645

6.2366 7.6370 9,0574

5.0094 6.4099 7.8103

3. 7825 5.1827 6.5832

2.5552 3.9556 5.5560

1.5281 2. 7285 4.1289

O.lOlO i.5014 2.9018

(38)

By the use of I_h] from equation (A6)and I-_hl from equation (38)
S

the downwash tables (tables I and II), the downwash fac-arguments inas

tors for vortex and downwash stations on the same wing [Fs] are deter-

mined to be as follows:

[,s]=

4.4942 -1.2569 -o.2315 -0.0963 -0.0527 -0.0332 -0.0228 -0.0165 -0.0127 -O.OlO0

-0.7176 4.3964 -1.2454 -0.2531 -0.0969 -0.0530 -0.0354 -0.0229 -0.0163 -0.0128

-o.0955 -0.7919 4.3244 -1.2550 -0.2549 -o.0976 -0.0552 -0.0355 -0.0250 -0.0164

-o.0364 -0.1010 -0.8608 4.2835 -1.2598 -0.2564 -0.0982 -o.0535 -0.0337 -0.0231

-0.0187 -0.0575 '.--0.1068 -0.9224 4.2286 -1.2656 -0.2582 -0.0987 -0.0538 -0.0558

-0.0114 -0.0192 -0.0587 -0.1125 -0.9761 4.1955 -1.2712 -0.2393 -0.0992 -0.0540_

-0.0077 -0.0117 -0.0198 -0.0401 -o.ll71 -1.0222 4.1692 -1.2756 -0.2404 -O.O997

-0.0057 -0.0078 -0.0120 -0.0204 -0.0416 -0.1246 -1.0614 4.1479 -1.2798 -0.2415
l

-0.00_2 -0.0057 -0.0080 -O.0122 -0.0209 -0.0431 -0.1507 -1.0949 4.1301 -1.28351

-0.0032 -0.0042 -0.0057 -0.0081 -0.0125 -0.0215 -0.0447 -0.1368 -1.1234 4.1154

(59)

F^,,q
Similarly, by using i_I in place of I_'_-I ' the downwash factors

t*lJ
0 LnJ S

for vortex and downwash stations on opposite wings [F_ are found to be
L_
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[,o]o

-0.0014 -0.0017 -0.0019 -0.0023 -0.0027 -0.0055 -0.0040 -0.0049 -0.0064 -0.0079

-0.0016 -0.0018 -O.OOZl -0.0029 -0.0051 -0.0057 -0.00_7 -0.0099 -O.OOT5 -0.0098

-o.0017 -0.0020 -0.0024 -0.0028 -0.0039 -o.oo45 -0.0o54 -o.0071 -0.0092 -o.o129

-O.O018 -o.oo22 -o.0026 -o.oo52 -o.00_0 -o.009o -o.oo65 -o.oo85 -o.on7 -o.o165

-o.002o -o.oo24 -o.0029 -o.oo56 -o.o045 -o.0060 -o.oo79 -O.OLO7 -o.o192 -0.0224

-o.oo21 -0.0026 -0.0052 -0.0040 -0.0092 -0.0069 -0.0095 -o.o157 -0.0206 -0.0527

-o.oo25 -o.oo28 -o.oo56 -o.oo46 -o.oo61 -o.oo85 -o.oi?_I -o.o181 -o.o299 -o.o921

-o.oo29 -o.oo51 -o.oo59 -o.oo52 -o.oo71 -O.OlOl -o.o154 -o.o292 -o.o_61 -o.o956

-0.0026 -0.0034 -0.0045 -0.0058 -0.0082 -0.0125 -0.0200 -0.0569 -0.0814 -0.2311

-0.OO28 -0.OO36 -0.0O47 -0.OO65 -0.009_ -0.0152 -0.0266 -0.0981 -0.1826 -1.2448

(40)

The aerodynamic-influence-coefficient matrix [SI] for symmetrical

airloads, which is found by dividing the vortex semispan h into the

sum of the downwash-factor matrices (eqs. (59) and (40)), is written as

or, numerically, as

-1.5492 -o.4271 -o.08o4 -0.0540 -o.0191 -o.o126 -0.0092 -0.0o75 -0.0066 -o.oo62

-o.2480 1.5194 -0.4502 -o.o812 .o.0945 -o.0196 -o.o151 -0.0099 -0.0082 -0.0078

-0.0555 -0.2758 1.4904 -0.4550 -0.0822 -0.0_51 -0.0202 -0.0140 -O.01.U -0.0100

-0.0152 -0.0556 -0.2977 1.4760 -0.4557 -0.0652 -0.0561 -0.0214 -0.0157 -0.0156

-0.0071 -0.0137 -O.0578 -0.5195 1.4566 -0.4.'B5 -O.O849 -0.O377 -0.0258 -0.0194

-0.OO47 -0.0079 -0.01_0+ -0.0_02 -0.5584 1._44 -0.4416 -0.0872 -0.0415 -0.0299

-0.00_ -0.0050 -0.0081 -0.0154 -0.0425 -0.5_55 1.4555 -0.4461 -0.0931 -0.0925

-0.0028 -0.0058 -0.0(Y55 -0.0088 -0.0168 -0.0_64 -0.5715 1.4216 -0.4572 -0.1162

-0.0023 -0.0051 -0.0042 -0.0062 -0.0100 -0.0]91 -0.0920 -0.5905 1.5961 -0.9222

-O.O021 -0.O027 -O.0O56 -0.009O -0.0076 -0.0:27 -0.0246 -O.O672 -0.4509 0.9899

(42)

Calculation of .- The S n_trix can now be used to calcu-

late the matrix [4 _I from wind-tunnel measurements of pressure dis-
L

tribution on rigid-wing models. This process is described in detail in
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from the definition of [S_ , the followingreference i, but, briefly,

equation is derived:

When the model is rigid, any change in angle of attack can be

assumed constant along the semispan. Taking the derivative with respect

and factoring q out of 14qm_ , thus, results into
L _

I_} _}[s__ :q[_4{

or

However,

the elements of which are easily calculated from the chordwise pressure

distributions at the required semispan stations. (The chords c must

be those of the full-scale airplane to agree with [S_ .) Therefore,

[S_ {Cn c} = L  o-1 {4mo}
(43)

Dividing equation (43) by the wing lift-curve slope m R gives

(44)

The lift-curve slope mR is calculated from {Cn c _ as

lT wl 2 (45)m R = ntegrating ro {Cn(LC}
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where the row matrix is taken frcm the bottom row of the integrating

matrix IIIint,pll given in table IIl and is multiplied by the wing semi-

span given in feet.

The measured values of <Cn c i

_CnC 1 =

for the sample wing are as follows:

O. 4746

o.7o34
0.8256

o.9153
0.9829

1.0402

1.094_

1.1364

i. 1702

i. 2001

The value of mR from equation (45) is, thus, 0.07681.

The diagonal matrix [4 _I is then calculated from equation (44)

as

3.5391 0 0 0 0 o 0 0 0 0

0 5.4665 0 0 0 o 0 0 0 0

0 0 5.7976 0 o o o 0 o 0

o o o 5.9967 o o o o o o

o o o o 5-8882 o o o o o

o o o o o 5.8159 0 o o o

o o o o o o 5.9o28 o o o

o o o o o 0 0 5.8988 o o

o o o o o o 0 o 6.o_59 o

0 0 0 0 0 0 0 0 0 6.8% .I



27

Calculationof Inthocalculationof

theaerod  ci luencecoef iclentmtrlx
inverted and postmultiplied by [4 _I with the result that

2.4208 1.1850 0.6784 0.4565 0.3274 0.2560 0.2208 0.2003 0.2002 0.2334

0.4507 4.0832 1.4780 0.8570 0.5662 0.4195 0.3478 0.3070 0.3007 0.3478

0.1671 0.8975 4.5407 1.6797 0.9592 0.6553 0.5148 0.4579 0.4190 0.4786

0.0860 0.3586 1.1221 4.8695 1.7919 1.0624 0.7717 0.6240 0.5791 0.652C

0.0543 0.1929 0.4782 1.3335 4.9754 1.9229 1.2178 0.9142 o.8120 0.8964

0.0592 0.1251 0.2660 0.5998 1.4858 5.0978 2.1242 1.3974 1.1614 1.2457

0.0312 0.0924 0.1772 0.3468 0.7073 1.6532 5.3869 2.3547 1.7317 1.7722

I
I 0.0266 0.0750 0.1343 0.2394 0.4312 0.8460 1.9104 5.6812 2.8250 2.6282

i0.0255 0.0650 0.1115 0.1878 0.5134 0.5542 1.0766 2.2707 6.3971 4.2354
I
!0.0216 0.0587 0.0989 0.1623 0.2611 0.4400 0-7970 1.5081 3.1719 9.1053
L

was

(47)

Calculation of IIS2] ISll-lL 4 _I "-In the calculation of

_$2] [Sl_-1 44 m_l, the structural elasticity matrix [$2] determined

by using the method of reference 1 is

$23 × lO 3 =

[1.2282 -1.1817 -1.0408 -0.8509 -0.6558 -0.4739 -0.3234 -0.1979 -0.08814 0

-0.7709 -0. 7772 -0. 7503 -0.6561 -0.5258 -o. 3923 -0.2732 -0.1696 -0.07611 0

-0.4739 -0.4739 -0.4786 -0.4615 -0.3978 -0.5107 -0.2232 -0.1413 -0.06404 0

-0.2763 -O.2763 -0.2763 -0.2801 -0.2699 -O.2292 -0.1731 -O.1130 -0.O52O1 0

-0.1488 -0.1488 -0.1488 -0.1488 -0.1521 -0.1476 -0.1230 -0.08471 -0.03998 O

-0.07082 -0.07082 -0.07082 -0.07082 -0.07082 -0.07399 -0.07288 -0.05640 -0.02792 0

-0.02596 -0.02596 -0,0_96 -0.025% -0.02596 -0.o2596 -0.02858 -0.028o8 -0.01589 0

-0.00236 -0.00236 -0.00236 -0.00236 -0.00236 -0.(:0236 -0.00236 -0.00439 -0.00386 0

0.00302 O. 00302 O. 00302 0.00302 O. C0302 0.00302 0.00302 0.00302 0.00150 0

0 0 0 0 0 0 0 0 0 0

(4-8)
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The product of equation (47) premultlplied by equation (48) gives

1

[0._35 -0.5167 -0.4529 -0,3612 -0.2652 -0_1932 -0.1469 -0,i166 -0.1072 -0.1222

-0.3326 -0.5138 -0.45O7 -0.3597 -0.2640 -0,1923 -0,1461 -0,1198 -0.i06_ -0.1214

-0.2973 -0.4865 -0.4392 -0.3517 -0.2983 -0.1878 -0.1425 -0.i123 -0.1050 -O,11?4

-0.2468 -0.4241 -0._0_0 -0.5339 -0.2458 -0.1785 -0.1343 -0.1091 -0.0958 -O.109l

-0.1921 -0.3416 -0.5_26 -0.2986 -0.2_8 -0.1652 -0.1217 -0,0941 -0.0890 -0.0966

-0.1407 -0.2964 -0.2664 -0.24_1 -0.19_9 -0.1437 -0.i0_6 -0.0800 -0.0714 -0.0809

-0.0969 -0.1797 -0.1914 -0.1817 -0.1_26 -0.1185 -0.087_ -0.0642 -0.0562 -0.0639

-0.0997 -O.112l -0.1214 -O.1180 -0.i029 -0.0854 -0.0642 -0,0_64 -0.0391 -0.0_41

-0.0267 -0.0904 -O.CO_Z -0.0945 -O.O48O -0.0400 -0.0518 -O.O253 -0.0191 -0.0214

0 0 0 0 0 0 0 0 0 0

(49)

External-store effects.- The presence of an external store requires

the modification of the matrix equatlon [33] = [[S2][Si]-i[4 _]] as

described in the "Method" section. The external store at the 58.2-percent-

semispan station is estimated, from wind-tunnel data, to carry about

airload (mes - 0.02_ from which the wing2 percent of the rigid-wing
\mR /

twist due to store load per unit of store angle of attack is calculated

as

_o.ooo585l
0.0005851

o.0o0585i

{_s } o.ooo5_5l= o.oom_s11 (90)
o.ooo9_9l
o.ooo47lOI
O. 0002] 81]

0.0o_i911

The store is located between vortex _tatlons 6 and 7 (_o = 0.49

and 0.59). The store angle of attack, which is assumed to be the same

%

as that of the wing at the store station, is by linear interpolation

_s : °5_ 6 + o6_

If 52 percent of is added to column 6 of the $5] matrix
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(eq. (49)) and the remainder is added to column 7, the external-store

effect on wing twist will be included when the adjusted matrix [S_
adJ

which is given as

[Ssl adj =

[0.3439 -0.9167 -0.4929 -0.3612 -0.2692 -0.1745 -0.i071 -0.1166 -0.1072 -0.1222

-0.3326 -0.5138 -0.490? -0.3997 -0.2640 -0.1736 -0,i063 -0.1198 -0.1064 -0.1214

-O.2973 -O.4869 -O.4592 -0.3917 -O.2585 -0.1691 -0.102_ -0.1123 -0.1030 -o,n74

-0.2468 -o.4241 -o.4c_o -0.3539 -0.2498 -o.1996 -0.0949 -O.lO91 -o.o998 -o.1091

-0.1921 -0.9416 -0.3426 -0.2986 -0.2258 -0.1449 -0.0819 -0.O941 -0.0850 -0.0966

-0.1407 -0.S_64 -0.2664 -0.2441 -0.1949 -0.1250 -0.0698 -0.0800 -0.0714 -0.0809

-0.0969 -0.1797 -0.1914 -0.1817 -0.1926 -0.1032 -O.0999 -0.0642 -0.O962 -0.0655

-0.0997 -O.1121 -0.1214 -O.1180 -0.102_ -0.0764 -0.0493 -0.0464 -0.0391 -0.04411

-o.o267-o.o5o4 -o.o991 -o.c943-o.o_8o -o.o374-o.o265 -o.o233 -o.o191 -o.o2141

0 0 0 0 0 0 0 0 0 0 I
_J

(21)

is postmultiplied by the column matrix of wing angle of attack (eq. (90)).

Load-Distribution Coefficients

The next series of calculations evaluates the coefficients required

to determine the distribution of final angle of attack, alrload, shear,

bending moment, and pitching moment resulting from (a) a unit change in

wing angle of attack and (b) the initial wing twist due to wing inertia

loading per unit of change in load factor. Both final-angle-of-attack

distributions are calculated by the use of equation (25), which requires

an iteration procedure to determine the number of terms necessary.

Equations for final-an6le-of-attack distribution.- The coefficients
in the equation for the flnal-angle-of-attack distribution (eq. (_))

resulting from a unit symmetrical initlal-angle-of-attack distribution

are evaluated in table IV. The ml column in table IV is, in this case,

unity at each station. The values under Lj_Ce,l_ are by definition

and the succeeding columns are defined as

_Ce,N} = [S3]adj{ee,N-i }
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Each {C8} column in table IV, ther,;fore, is obtained by premultl-

plying the previous column by [S3]adj from equation (51). After three

C8} columns were calculated, a check was madeto see whether the errors
resulting from using only the first two {C8} columns would be excessive.

In order to perform the check, a value of 1 was estimated from
1 - hqmR

the values of {C8,2} and {C8,3} appearing at the 65-percent-semlspan
station (station 4) with qmR taken to be i00 ib_t2-deg and with the

use of equation (23). The value of ] thus obtained was recorded
I - kqm R

at the foot of the {C8,2} column and was used to obtain the errors in

the {E_N=2 column by applying equation (24). These errors were con-

sidered too large. Therefore, another column _C8,4" was computed and

the check was repeated. This time the errors, listed in the E N=3

column, were considered satisfactorily sm_ll. A sufficiently accurate and

convenient form for the angle-of-attack equations was, therefore, con-

sidered to be

(52)

be the va uos lrc }Equation

coefficients from table IV as follows:

1.0 -0.025671 0.091241 x 10 -2 -0.101164 x lO -4

1.O -0.029442 0.090743 x lO -2 -0.i00176 x l0 -4

1.0 -0.024574 0.048428 x 10 -2 -0.095584 x 10 -4

1.0 -0.022198 0.0_5760 x 10 -2 -0.086333 x 10 -4

1.0 -0.019028 0.037071 x 10 -2 -0.073092 x 10 -4

1.0 -0.015256 0.029291 x 10 -2 -0.057710 x 10 -4

1.0 -0.011447 0.021565 x 10 -2 -0.042449 X 10 -4

1.0 -0.007690 0.014141 x 10 -2 -0.027801 x 10 -4

1.0 -0.003622 0.006550 x 10 -2 -0.012868 x 10 -4

1.0 0 0 0

1

(qm )2

(q R13
i - kqm R

(53)
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Equation (53) gives the final angle of attack _c_f,c__ resulting

from a symmetrical angle-of-attack change of i°. An equation of similar

form which gives the flnal-angle-of-attack distribution _mf,n_ caused

by the wing twisting under an inertia loading of I g is as follows:

0.5208 -0.0098555 0.019398 × 10-2 -0.038266 x 10 -4

0.5094 -0.0097954 0.019209 × 10 -2 -0.037892 x lO -4

0.4859 -0.0093007 0.018327 x 10-2 -0.036155 x lO -4

O.4515 -0.0085871 0.016541 x 10 -2 -0.052654 x 10 -4

0.5398 -0.0070858 0.014011 x 10 -2 -0.027645 x 10 -4

0.2246 -0.0055770 0.011060 × 10 -2 -0.021826 × 10 -4

0.1507 -0.0040856 0.0O8134 × 10 -2 -0.016053 × 10 -4

O. 1529 -0.0026597 0.005325 x 10 -2 -0.010513 x 10 -4

0.0693 -0.0012269 0.002464 x 10 -2 -0.004866 x 10 -4

0 0 0 0

iI(q R)2

1 - _q_

(54)

The first column of the matrix of coefficients in equation (54) is the wing

angle-of-attack distribution due to dead-weight loading. Each succeeding

column is the product of the previous column premultiplied by [S3_adj

It is not necessary to repeat the iteration procedure, because the number

of coefficient columns required to obtain acceptable accuracy is only
slightly dependent on the shape of the initial-angle-of-attack
distribution.

External-store ansle of attack.- In order to calculate the airload

carried on the external store, the angle of attack at the store loca-
tion must be known. The final angle of attack of the store resulting

from a unit change in wing-root angle of attack is obtained by interpo-
lation between the rows of equation (55) which correspond to stations 6

and 7- Thus,

_es,c_ = LI'0 -0.012666 0.024057 × 10 -2 -0.047555 x iO-_

i

qmR

(q )2

(qmR)3
i - AqmR

(55
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Similarly, the following equation for store angle of attack resulting

frcm the unit-load-factor inertia loading [s obtained by interpolation

in the rows of equation (54):

_es,n = [0.1745 -0.004565 0.009070 x 10 -2 -0.01790 x i0"4]

1

qm_
2

(q )3
1 - %qmR

(56)

Runnin_-load-distribution equations.- The equation for running-load

distribution _f,c_ resulting from a unit change in wing-root angle of

attack is obtained by premultiplying the coefficients of equation (95)

b,  us,
6.17868 -0.13589 0.26554 x 10-2 -0.52407 x 10-4

9.15804 -0.19511 0.58646 × 10 -2 -0.76266 × 10-4

10.74948 -0.21411 0.42228 × 10-2 -0.83316 × 10-4

11.91720 -0.21281 0.41795 × 10-2 -O.82211 × 10-4

12.79740 -0.19548 0.37936 x 10-2 -0.74784 x 10-4

13.94256 -0.16930 0.32506 × lO-2 -0.64046 × lO-4

14.29372 -0.13989 0.26550 x 10 -2 -0.52281 x 10 -4

14.79540 -0.10807 0.20308 X i0-_ -0.39942 X 10-4

15.2352o -0.07651 O.1432O X 10-_ -0.28179 X 10-4

15.62484 -0.05195 0.09785 X i0-'_ -0.19257 X 10-4

q_

(q_)2

(q_)3

<q_)4

(57)

r _

The equation for running-load distribution _f,n_ resulting from the

twist due to an inertia loading of i g is obtained by premultlplying the

h_Rl
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1.59791 -0.05098 0.10048 x lO -2 -0.19824 x lO -4

3.80110 -0.07416 0.14621 x lO -2 -0. 28848 × lO -4

4.10950 -0.08095 0.15920 x 10 -2 -0.31514 x 10 -4

3.95552 -0.07984 0.15755 × 10 -2 -O.51094 x i0 -4

3.59820 -0.07242 0.14353 × 10 -2 -0.28284 x 10 -4

2.70251 -0.06188 0.12274 × 10 -2 -0.24222 × 10 -4

2.15264 -0.05039 O.lOO18 x 10 -2 -0.19772 x l0 -4

1.79402 -0.03840 0.07653 × 10 -2 -0.15105 × lO -4

1.31759 -0.02707 0.05398 x 10 -2 -0.10666 × lO -4

0.88601 -0.01855 0.05689 x 10 -2 -0.07282 x 10 -4

qmR

(q )2

lq )|
z - XqmR]

(58)

Shear-distribution equations.- The matrix of coefficients for the

shear-distribution equations is calculated by premultiplying the matrix

of running-load coefficients by the integrating matrix llIint,pII_ which

is given in table III. This integrating matrix is based on Simpson's

parabolic method and is given in nondimensional form for lO stations,

with an extra row added to give the integral to the center line. The

results are made dimensionally correct by multiplying them by the wing

semispan (in feet, for the sample problem).

The complete shear equation must also include the concentrated load

acting on the nacelle. This load which is obtained by substituting

_es,_ from equation (55) into equation (34) is given by

me___9_sS LI.O -0.012666
Les,c_ = mR 2

0.024037 x lO -2 -0.047333 x IO-4_

qm_

(qm )2

(qmR)3

(qmR)4

i - kqm R

(59)

mes
Since - 0.02 and

mR

as

Les,_ = L14.3

= 714 square feet, equation (59)
2

-0.18 0.34 x 10 -2 -O.68 X i0-4_

can be written

(qmR)2

(qmR)3 (60)

4
(qmR)

i - _qm R
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Equation (60) gives the external-store lift per unit of wlng-root angle

of attack. The store airload due to inertia twist per unit of load fac-

tor is calculated similarly by substituting _es,n from equation (96)

into equation (54) to obtain

Les,n = [2.9 -0.07 0.15 x 10 -2 -0.26 x 10 -4]

qmR

(qmR)

1 -

(61)

Since the external-store lift acts as a concentrated load on the

wing, it is to be added to the shear at each station inboard of the store.

For the unit symmetrical angle-of-attack distribution, integration of

equation (97) by using table III and the addition of the external-store

coefficients from equation (60) (with the qm R terms factored out)

result in the following equation for shear distribution:

Load on wing:

9.7 -0.21 0.0042 -0.000083!

D_.9 -1.19 0.023D -0.000464

112.8 -2.}8 0.0_71 -0.OOO951

178.7 -5-63 0.0717 -0.001414

250.4 -4.82 0.0949 -o.001870

326.8 -5.88 O.IIDD -0.002274

407.5 -6.77 0.1525 -0.002611

491.8 -7.49 0.1460 -0.002878

578.9 -8.02 O.1D60 -0.005079

668.4 -8.39 0.1629 -0.005211

714.0 -8.53 0.1695 -0.005262

Load on ._xternal store:

0 0 0 0

0 0 o 0

o 0 0 0

o 0 0 0

0 0 0 0

0 0 0 0

14.3 -0.18 0.00_ -0.000068

14.3 -0.18 0.0054 -0.000068

14.3 -0.18 0.00_ -0.000068

14.3 -0.18 0.0054 -0.000068

14.5 -0.18 0.0054 -0.000068

• - _,::imlR

(62)

Similarly, the equation for shear distrib_tion due to wlng-inertia

twist per unit of load factor is obtained from equations (98) and (61)

as



Loadonwing:
2.1 -0.08 0.0016-0.000031
18.1 -o.45 0.0o89 -o.ooo175

41.3 -0.90 0.0178 -0.000352

64.9 -1.57 0.0271 -0.000535

86.3 -1.82 0.0358 -0.0oo707

lO3.9 -2.21 o.0436 -0.000860

117.9 -2.93 o.O5oo -0.0oo988

129.4 -2.79 0.O551 -0.001089

138.4 -2.98 0.0989 -o.oon63

144.8 -3.11 0.0615 -0.0012_14

147.0 -3.16 0.0625 -0.001234

Load on external store:

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2.5 -0.o7 o.oo13 -0.00oo26

2.5 -o.o7 0.0015 -o.ooo026

2.5 -0.07 o.o013 -0.000026

2.5 -0.07 o.o013 -o.oooo26

2.5 -0.07 o.oo13 -0.oo0o26

(qm )3

(q )4
i - _qm

(63)
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The shear coefficients due to distributed wing llft and concentrated

store lift are to be kept as two separate matrices for ease in obtaining

the bending-moment and pitching-moment equations.

Bending-moment-distribution equations.- The matrix of coefficients

for the component of the shear equation due to distributed wing lift is

integrated to obtain the matrix of coefficients for the component of

bending moment due to distributed wing lift. For this purpose the inte-

grating matrix IIint,p in table III multiplied by b/2 may be used.

However, shear-distribution curves are usually straight enough that the

much simpler trapezoidal type of integrating matrix can be used. This

integrating matrix llint,Tl is given in table V and is nondimension-

alized with respect to semispan. For use in obtaining bending moments

in inch-pounds, the elements of table V are multiplied by the semispan
in inches.

The coefficients for calculating the bending moments due to the

concentrated load imposed by the external store are obtained by pre-

multiplying each row of the matrix of shear coefficients due to concen-

trated store load by a diagonal matrix whose elements are

Yes - Ysta = 2kVes. For the sample problem,
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0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 2-2.3 0 0 0 0

0 0 0 0 0 0 0 91.9 0 0 0

0 0 0 0 0 0 0 0 161.9 0 0

0 0 0 0 0 0 0 0 0 231.1 0

O_ 0 0 0 0 0 0 0 0 0 266.0

(64)

By using equation (62), table V, and LLXYe_ from equation (64) in

the prescribed manner, the complete equation for bending moment per unit
of wing-root angle of attack is given as follows:

Load on wing:

558 -7.3 o.145 -0.00287

2,585 -55.9 1.109 -0.02188

8,420 -180.0 5.967 -0.07040

18,963 -389.2 7.702 -0.15198

33,499 -683.0 13.498 -0.26627

93,982 -1,099.0 20.814 -0.41048

79,136 -1,499.2 29.457 -0.98047

ii0,432 -1,991.7 39.150 -0.77191

147,692 -2,931.6 49.642 -0.97867

191,098 -5,105.0 60.742 -1.19740

214,999 -3,599.0 66.412 -1.30913

Loa! on external store:

o 0 0 o

0 0 0 o

0 o 0 0

0 o 0 0

o 0 0 0

0 o 0 o

518 -_.o 0.076 -0.00191

1,312 -16.6 0.319 -0.00621

2,306 -29.2 0.994 -0.01091

3,_)0 -41.8 0.793 -0.01962

5,798 -48.1 0.913 -0.01798

[ - ?,qmR]

The equation for bending moment due _o inertia twist per unit of

load factor, obtained fr_nequation (65) Jn a fashion similar to that

of equation (6_), is as follows:
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775
i

2,844

6,540

11,800

Load on wing:

-2.8 0.055 -0.00109

-21.3 0.420 -0.00828

-68.5 i._9 -o.o2665

-147.8 2.912 -0.05749

-_8.8 5.100 -0.I0071

18,418 -}98.9 7.862 -0.15526

26,136 -563.8 n.119 -0.21956

}4,741 -749.0 14.778 -0.29181

44,O60 -949.8 _8.747 -O.37O17

53,914 -1,161.7 22.937 -0.45290

_8,951 -1,269.9 25.077 -0.49516

+

Load on external store:

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

55

229

-1.5 0.029 -0.00057

-6.0 0.119 -0.00255

40P -10.5 0.209 -0.00415

575 -15.1 0.299 -0.o0591

662 -17.3 0.345 -o.o0680

- Xq_
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Pitchin6-moment-distribution equations.- In the general case, the

coefficients in the equation for pitching moment due to distributed wing

lift are obtained by integrating the shear coefficients due to distributed

lift from wing tip to center llne in the x-direction. However, when the

wing-quarter-chord locus is a straight llne, this integration is equiva-

lent to multiplying the corresponding bending-moment coefficients by

-tan A c/4"

The pitching-moment-equation coefficients due to external-store load

are calculated by premultiplying the external-store load-coefficient mat-

rix by a diagonal matrix whose elements are the chordwise distances from

the store center of pressure to the vortex stations inboard of the store.

For the sample problem, this moment-arm matrix is

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 141 •7 0 0 0

0 0 0 0 0 0 0 93.0 0 0

0 0 0 0 0 0 0 0 h4.3 0

0 0 0 0 0 0 0 0 0 4.4

0 0 0 0 0 0 0 0 0 0

0

0

0

0

0

-;_8.8

0

0

0

0

0

(67)
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The resulting equation for pitching moment per unit of wing-root angle
of attack is as follows:

Load on wing: Load on external store:

-257 9.1 -O.lO2 0.00201

-1,810 39.1 -0.776 o.01532

-5,894 126.0 -2.497 0.04928

-12,994 272.4 -5.592 0.10639

-23,447 478.1 -9.449 0.18659

-37,505 738.6 -14.570 0.2873%

-55,399 1,046.7 -20.606 0.40633

-77,302 1,394.2 -27.391 0.54006

-103,384 1,772.1 -34.749 0.68507

-133,769 2,172.1 -42.519 0.83818

-150,051 2,351.3 -46.488 0.91639

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2,024 -25.6 0.486 -0.00998

1,328 -:6.8 0.319 -0.00629

633 -8.o o.152 -0.00299

63 •0.8 0.o15 -0.00030

-411 5-2 -0.099 0.00199

(,_)2 ,

: (q_)3 t (_)

1 - _,qmRJ

The pitching moment due to inertia twist per unit of load factor is

given by the following equation:

Load on wing:

-50 2.0 -0.059

-542 14.9 -0.294

-1,991 47.9 -0.945

-4,578 103.4 -2.038

-8,260 181.2 -3,570

-12,893 279.2 -5.504

-18,296 594.7 -7.783

0.0OO76

0.00579

O. 01864

O. 04024

o.o7o5o

O.lO868i

0.1536_

-24,319 524.5 -10.345 0.2042'

-30,842 664.9 -13.123 0.2991;

-37,740 813.2 -16.056 0.51703

-41,266 888.9 -17.554 0.34661

Load c,n external store:

0 ( 0 0

0 C 0 0

0 C 0 0

0 C 0 0

0 C 0 0

0 C 0 0

553 -9.2 0.184 -o.0o_2

252 -6.1 0.121 -0.00238

ii0 -2.9 0.057 -0.00113

ll -0.5 O. OO6 -0.0001]

-72 1.9 -0.037 0.00074

(q R)3

- XqmR

(69)

Evaluation of 1 .- Equations have been written for shear,

1 - hqm R

bending moment, and pitching moment in ter_Ls of qm R and i

i - _qm R

In the evaluation of i given in equation (23), the quantity A
1 - hqmR

is seen to be
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CS,N+I
- (70)

Ce,N

As recommended in the "Method" section, values of CS,N+ 1 and C8, N
corresponding to the 69-percent-semlspan station are used. From table IV

which is used for the calculation of the _C8_ coefficients, it can be

seen that

C8,N+I = ICe,41 = 0.000000170540

and

C8, N = {C8,5_=-0.0000086355

from which

h = -0.o1975o6

Additional Airloads

The calculations Just completed may now be used to determine the

total additional airload shear, the bending moment and pitching moment,

the horizontal-tail load per unit of normal load factor, the wing center

of pressure, and the aerodynamic-center position. The numerical rela-

tionship must be established between the wlng-root angle of attack £_ar

and the airplane load factor An by use of equation (31). The first

step in the procedure is the calculation of wing-root loading components

for selected values of the parameter qm R.

Calculation of wins-root loading components.- The values of L_,r,

Mb,_,r, My,_,r, Ln, r, Mb,n,r, and My,n, r (wing-root values) to be

used in the succeeding calculations are evaluated from equations (62),

(65), (68), (63), (66), and (69), respectively, by using only the bottom

row of coefficients from each equation. These quantities, with the

value of qmR for which they are calculated, are presented in table VI.

Additional wln_ and tail alrloads and win_ centers of pressure.- The

quantities listed in table VI are used in the sample calculations pre-

sented in table VII. The first seven columns of table VII represent the

steps involved in calculating _ by use of equation (31). Column 8
An
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lists the resulting values of _---. Column 9 represents the evaluation

of wing-root shear per unit of load factor from equation (33). Column l0

lists the horizontal-tall load per unit of load factor from equation (32).

The wing-root pitching moment and bending moment per unit of load

factor are listed in table VII in columns 15 and 14, respectively, as

evaluated from equations of the same form as that of equation (53). The

chordwise and spanwise centers of pressure Xcp and Ycp are evaluated

in columns 15 and 16, respectively, by dividing the proper moment per

unit of load factor by the shear per unit of load factor. Although the

centers of pressure at qm R = 0 appear indeterminate, they are equiva-

lent to the centers of pressure for the theoretical rigid wing which may

be calculated from the first coefficients in the rows of equations (62),

(65), and (68) corresponding to the wlng-root position for both wing and

external-store parts. For the sample problem,

(Xcp)qmR=O:
-150051 - 411

714.0 + 14.3

: -206.6

and

(Ycp)qmR: 0 =

214359 + 3i98 = 299.5
714.0 + 14.3

Column 17 shows the incremental change in chordwise center of pressure

from that at qmR = 0 and is expressed a_ a percentage of the wing mean

aerodynamic chord. Thus, column 17 represents the change in wing-

aerodynamic-center location due to flexibility.

Although the actual location of the serodynamic center of the air-

plane may be different from that of the wing because of fuselage moments

which were unaccounted for in the analysis, the change in aerodynamic-

center location with change in qmR shou]d be practically unaffected

by fuselage moments. If the aerodynamlc-(enter location on a rigid wind-

tunnel model is known, that location may _e taken to be the actual value

at qmR = 0. The aerodynamic-center location at any other value of qm R

can be determined with good accuracy by a_!ding the calculated change in

aerodynamic-center location to the measured rigid-airplane position.

Although only the shears and bending moments per unit of load factor

at the center-line station were listed, t_ose at other wing stations

might have been calculated to obtain distributions along the semispan
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and variations of the distribution with qmR. Figure 3(a) shows the
shear distributions along the semlspanper unit of load factor at values
of qmR of lO and _0 lb/ft2-deg. Each distribution was divided by the

center-llne shear. These ratios were plotted to show more clearly the

fraction of the total aerodynamic lift carried outboard of any wing sta-

tion as it varies with qmR. The corresponding bending moments per unit

of shear at the center llne are plotted in figure 5(b).

A plot such as that shown in figure 4 is useful in applying the

calculations to design conditions of dynamic pressure and Mach number.

The parameter qm R is plotted against q for several constant Mach

numbers. The values of mR used in this plot were obtained in wind-

tunnel tests of the particular airplane used as an example.

DISCUSSION

The matrix equation expressing the change in angle-of-attack dis-

tribution in terms of the applied angle-of-attack distribution is well

suited to solution by matrix iteration. The sample problem included in

this report illustrates that only three or four premultiplications of

a column by a square matrix will give the elements of a simple expres-

sion for final angle of attack resulting from any given initial angle

of attack. This expression is readily evaluated for any value of the

parameter qm R. The final spanwise distributions of lift, shear,

bending moment, and pitching moment are also easily calculated. The

solution can be carried to any desired degree of accuracy, and the

degree of accuracy can be easily checked.

Combining the iteratlve solution with the use of the downwash-

factor tables to obtain the matrix of aerodynamlc-influence coefficients

allowed the results of the sample problem to be calculated in about one-

tenth of the estimated time required to obtain the solutions by calcu-

lating the elements of [S_ and by using matrix inversion.

The conditions under which the method of this report may be used

are that the inverse of _$2][S_-I_ _II must exist and that the

dominant latent root of thls matrix must be real and distinct from its

other latent roots. These conditions will be met in any practical prob-

lem in aeroelasticlty. The convergence of an infinite series of

[ J__'J_Cs,N_{qm_ N terms is not a necessary condition, as should be evident
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from the derivation of the equations pertinent to the iteration procedure

and frQm the fact that solutions were obtained in the sample problem for

values of qmR above the value at which divergence of an infinite series

would begin _qm R _ _0 ib/ft2-deg). Actual wing divergence is indicated
%

if the value of 1 becomes infinite at some positive value of qm R.
1 - R

This condition will occur only when the latent root k is positive, as

it would be for a sweptforwBrd wing.

The methods of this report are designed to save time and effort in

solving steady-state aeroelastic problems without degrading the accuracy

of the results. There is, however, an added flexibility in that the

various quantities are obtained as functions of the parameter qmR and

are readily applied to any flight condition of dynamic pressure and Mach

number. This flexibility may make the iterative solution desirable even

when automatic computing machines are available for matrix inversion.

Langley Research Center,

National Aeronautics and Space Adminisnration,

Langley Field, Va., January 30, 1_9 .
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APPENDIX A

AERODYNAMIC-INFLUENCE COEFFICIENTS FROM

TABLES OF DOWNWASH FACTOR

The derivation of a system of aerodynamic-influence coefficients

has been presented in reference 1. The computations involved in deter-

mining any one element of the aerodynamic-influence-coefficient matrix

IS1] are rather lengthy, especially for manually operated desk calcu-

lators. Tables and charts for obtaining downwash factors, based on

lifting-line theory, have been in existence for some time in reference 2.

An element of the [S1] matrix is obtainable from these tables by

finding the downwash factor at the three-quarter-chord station in ques-

tion and multiplying this factor by the reciprocal of the semispan of

the horseshoe vortex which causes the downwash. The resulting element

is identical, within the accuracy of the tables, with that which would

be calculated by the method of reference 1.

The tables of downwash factor in reference 2 have been included as

tables I and II of this report with certain changes: the "corrector"

vortex columns have been replaced by interpolating factors designated

as K. Also, the values of downwash factor included in this report have
been recalculated and are believed to be correct. The intervals used

in the tables are such that linear interpolation will preserve the

accuracy to four decimal places. A column for £kY = 58 has been
h

added in table I so that lO equally spaced vortex stations on each

semispan may be used.

The arguments for tables I and II are -_ and which are,

respectively, the streamwlse and spanwise distances from any vortex

station to any downwash station, nondimensionalized with respect to the
nx

vortex semispan. The argument -h- is negative when the downwash sta-

tion is ahead of the vortex station.

It will be a help in using the tables if the values of __Z and _---
h h

are arranged in matrix form. A systematic method for determining these

i_h] and [_] matrices for i0 vortex semispan stations is given as

follows: Wlth the use of a coordinate system having the origin at the

point of intersection of the wing quarter-chord line with the airplane

center line, the nondimensional lateral coordinate of any vortex center



44

Y) is given byHv

(AI)

where Nv is the number of vortices on both wings and _v is the vortex
spanwise station expressed as a fraction of the semispan. For example,
at station 1 in the sample problem, Nv = 0.95, Nv = 20, and lh_)v = 19.

The coordinates of all the vortex stations expressed as a row matrix

_(_h)jv are, for lO equally spaced vortex stations on each semlspan,

(A2)

The nondimensional lateral coordinates of the downwash control points

are the same as those of the vortex centers.

I_1 matrices will be needed. The first, lh_] will con-Two
S'

tain the nondlmensional spanwise distance_ from each vortex center to

every downwash control point on the same wing. The second, [_JO'
will

contain the nondimensional spanwise dista]ices from each vortex station to

every downwash control point on the oppos:te wing. The first row of the

f_I_._I may be obtained by subtracting Y of downwash controlmatrix
in] S

element of the row matrix II_]..l" For I0 equallypoint 1 from each
L\--,,,,j

spaced vortex stations on each semispan, _he first row of I_I will

S

be

[19171513ll97531]- [_9191919191919191919]

= [02 _ 6 8 l0 _ 14 16 _8J (A3)

Absolute values are used since the downwash factor is independent of

the sign of _.
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The first row of i,_----i is obtained by adding the two rows to
[nj 0

obtain

L38 36 34 32 30 28 26 24 22 20J

It will be seen that the matrices [h_] and [h_] can be obtained by
S 0

finding the difference and the sum, respectively, of the two matrices

_9

19

19

19

Y =

and

o

17 15 13 ii 9 7 5

17 15 13 ii 9 7 5

17 15 15 ll 9 7 5

17 15 13 11 9 7 5

17 15 13 ii 9 7 5

17 15 15 ii 9 7 5

19 17 15 13 ii 9 7 5

19 17 15 15 ii 9 7 5

19 17 15 15 ii 9 7 5

19 17 15 15 ii 9 7 5

-19 19 19 19 19 19 19 19 19

17 17 17 17 17 17 17 17 17

15 15 15 15 15 15 15 15 15

15 13 15 13 15 15 13 13 15

ll ll ll ll ll ll iI ll ll

9 9 9 9 9 9 9 9 9

7 7 7 7 7 7 7 7 7

5 5 5 5 5 5 5 5 5

3 3 3 3 3 3 3 3 5

1 1 1 1 1 1 1 1 1

3

3

3

3

3

3

3 1

3 1

3 1

3 l

19

17

15

13

ii

9

7

5

3

i

i

i

I

i

1

(A4)
1

(AS)
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 ere
consists of i0 columns identical to the first column.

consists of i0 rows identical to the first row and

Thus,

which can be expressed as

0 2

2 0

4 2

6 4

_s io 8

1..2 10

14 12

16 14

_18 16

and

6 8 i0 12 14 16 18-

4 6 8 i0 12 14 16

2 4 6 8 i0 12 14

0 2 4 6 8 i0 12

2 0 2 4 6 8 lO

4 2 0 2 4 6 8

6 4 2 0 2 4 6

8 6 4 2 0 2 4

i0 8 6 4 2 0 2

12 i0 8 6 4 2 0

4

6

8

i0

12

14

[ Io:[<'>v]

(A6)

(A7)

which can be expressed as
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0

b

38 36 34 32 30 28 26 24 22 20-

56 54 52 50 28 26 24 22 20 18

34 32 50 28 26 24 22 20 18 16

52 30 28 26 24 22 20 18 16 14

30 28 26 24 22 20 18 16 14 12

28 26 24 22 20 18 16 14 12 lO

26 24 22 20 18 16 14 12 l0 8

24 22 20 18 16 14 12 l0 8 6

22 20 18 16 14 12 i0 8 6 4

20 18 16 14 12 lO 8 6 4 2

If using fewer than lO equally spaced vortex stations on each semi-

span is desired, the matrices [(_)]andv [(_)d] can be modified to

suit by omitting the required number of rows and columns from the top

and left.

By using the same coordinate origin as before, a matrix of the non-

dimensional longitudinal coordinates of the vortex centers [(_) ]whenv

the quarter-chord locus is a straight llne is

IXh)v] = [(Y)v] tan Ac/4
(A8)

For the downwash control points on the three-quarter-chord line,

f(x) l= _, tan A3C/4 +
(Ag)

where each element in the matrix is half the wing-root chord

divided by the vortex semispan h.

The correct matrix of nondimensional longitudinal distances between

vortex and control points l_-_xl is given by the equation
kn]
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[(X)v]-- E - E
(AlO)

or

(All)

fl|Lkx-_-I matrix is required since chordwise distances fromOnly one
L_

a vortex to any control point are the same whether the vortex and control

point are on the same wing or on opposite wings.

Two complete matrices of downwash factors will be obtained: the

first by using L--J[_IS and _-_I_[ and the second by using _,I_I0 and

l_--I as arguments in tables I and II. The symmetrical-load matrix IS1]
_J

is calculated by adding these two matrices of downwash factors_and multi-

plying each element by the reciprocal of the vortex semispan _. For

antisymmetric loadings, the value of [S_ is the difference between
1

the two downwash-factor matrices multiplied by _.

Tables I and II are useful only for equally spaced horseshoe vor-

tices. Unequal spacing would require interpolation in both and -_-_

which is not practical.

The columns in tables l(a) and II enlitled "K" contain interpolating

factors which were calculated by dividing each increment in downwash

factor by the corresponding increment in _---. Each factor is listed in
h

the same row with the smaller of the two _x values used to calculate
h

it. In order to obtain the downwash factor F corresponding to any

Ax
value of -h-, find the value of downwash lactor F' corresponding to the

next smaller value of f_x' in the table (in absolute value) Add to
-W-

F' the product of h_- and the interpolaling factor and subtract the

product of _x' and the interpolating factor. Thus,
h

Lkx f_x'
F = F' + -_- K - T K (AI2)
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As an example, suppose it is required that a value of F be

obtained that corresponds to Zkx = 1.3421 and Ay _ O. By using
h h

_x'
table II, the next smaller value of £_x is 1.34 which equals -- for

h h

which the value of F' is 4.4956 and the interpolating factor is -0.660.

The required value of F is

F : 4.4956 + 1.3421(-0.660) - 1.3400(-0.660)

F = 4.4942

With the inclusion of the interpolating factors, all information

necessary to obtain the downwash factors corresponding to a given value

of _---- lies in one row of the tables_ the row corresponding to the
h

value of A_xx that is next smaller than the given value. Interpolation
h

can be done without writing or remembering any intermediate steps with

any calculating machine capable of accumulative multiplication. Where

the interpolating factors have been omitted (_> lO), interpolation by

k

inspection will be sufficiently accurate.
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TABLE I.- DO',E_WASH FAC'I_ F1

(a) Values of F for _F/h = 0 to -+iO

{-5O

-25

-20

-18

-16

-1_

-12

-i0

-9
-8

-7
-6

-5

-_ .0

-5.5

-3.0

-2.5

-2.0

-1.8
-1.6

-i _4

-1.2

-i .0

-.8

-0.6

-.5
-.4

-0.5

~ .25
-.20

-.15

_Ylh = O _y/h = -+2 _y/h = ±4 _Ylh = -+6 _Ylh = +-8 _/h = +-i0

F I K F K F K F K F K F K
i

-O .O011 ......... O .GOII ......... O.OO11 ......... 0.0011 ......... O .OO10 ........

- .oo16 .......... oo16 .......... oo15 .......... oo15 .......... Co1_ ........

-O.0025 -O.O0018 -0.0024 -0.00018 -O.CO23 -O.OOO18 -0.0022 ......... 0.0021 ........

-.0051 -.00030 -.CO}O -.00050 -.0029 -.00050 -.0027 -0.00025 -,0025 -0.00020

- .CO59 - .COO_0 - .O057 - .00040 - .0059 -.CO050 - .CO55 -.0005O -.0030 - .00025
- .co9o - .00055 -.coa8 - -coo55 - .oo45 - .OO05O - ,co41 -.O0O_0 -.oo37 - .coo35

-- 10068 I ,co09o - .oo6_ - .co08o - .CO59 - .co07o - ,co_} -.coo6o -.co_6 - ,cooho

-o.co97 -o.co145 -0.0089 -o.oo125 -0.0079 -o,coico i -0.0069 -0.00080 -0.0059 -0.00060

-.o119 - .00220 - .OLO8 -.00190 - .0093 _-.oo140 - .0o79 -.CO100 -.0066 - .ooo7o

- ,0149 - .00500 -.0152 - .00240 - .0111 -. OOl_O - .0092 -.00150 -.0075 - .00090

- .0192 - .O0_5O - .0169 - .00550 - .0134 - .OO250 - .0107 -.00150 - .OO86 -.COIIO

-.0296 -.CO6&O -.0210 -.00490 - ,0165 -.00290 - .0125 -.00180 -.0097 -.COIIO

-o.o596 -o.o10oo -o.o17_ -0.oo64o -o.o2ol -o.oo58o -o.o148 -0.o025o -o.olll -o.co1_o

- ,0429 - .01460 - .0517 - .00860 - .0224 -. 00_60 - .0160 - .CO240 -.0119 - .CO160

- .0568 - .01020 - .0249 - .CO900 - .0174 - .00280 -.0126 - .Col40

-.0_51 -.01260 - .0278 - .00580 - .0189 -.Co30o -.0155 -,Co180

- .0507 - .01520 - .0311 - .00660 - .0205 - .00320 -.0143 - .00160

- .0599 - .01841 - .0347 - .00720 - .0222 - .00340 -.0155 - .00200

(2) -0.0709 -0.02200 -0.0386 -0.00780 -0.0239 -o.00340 -0.0162 -0.0018o

I - .0759 -.029o0 - .040} - .00890 - .0247 -.oo_CO -.0166 - .00200
l -.0812 - .02690 - .0420 - .00890 - .o2_ -.00550 -.0170 - .00200

- .0869 - .02890 - .0458 - .00900 - .0262 -.00400 - .0174 - .00200

-.0928 - .0295o - .0_56 - .co900 - .0270 -.co'co -.0178 - .co2o0

- .o99o - ,o5100 - .0475 -. CO950 - .o2y8 -.O04O0 -.0182 - ,002O0

-.i096 - .03300 - .OA9_ -.00990 -.0289 -.CO550 -,0186 -.00200

-0.1125 -0.03550 -0.0515 -0,00950 -0.0293 -0.00400 -0.0190 -0.00200
-,1156 - .055CO -.0523 -.01000 - .0298 -.CO900 -.0192 -.O0200

- ,i192 -.03600 -.0552 -.00900 - .0302 -.O0_CO -.0194 - .00200

-0.1227 -O.039O0 -0.0942 -O.OICOO -0.0305 -0.CO500 -0.0196 -0.00200

- .1245 -.03600 - .0547 -.01000 -.0508 -.00600 -.0197 -.CO2O0

- .1262 - .03400 - .0552 - .01000 - .0510 -.00400 -.0198 -.002O0

-,1280 - .O}6OO - .0557 -.01OOO - .0312 -.CO'CO -.0199 - .OO2OO
- .i0 - .1298 - .05600 - .0561 -.00800 - .0314 - .CO400 -,0200 - .00200

- .05 - .1515 - .034OO - .0565 - .CO'CO - .0316 -.00_OO -.0201 - .OO2OO

<35
o -o.1553 -0.036oo -o.o571 -0.012oo -o.o518 -o.co400 -0.02o2 -o.co200

o.o5 -o,1551 -o.o_oo -o.o57Y -o.co8oo -o.052o -o.oo4oo -o.o2o5 -o.oo2oo

.io -.1368 -.05800 - .o581 - .OLOOO - .0592 -.oo4oo -.o2o4 - .oo2o0

.15 - .158y -.03400 -.0586 - .o1oo0 -.0324 -.oo_co -.02o5 -.CO200

.20 - .1404 -.05600 - .0591 - .010OO - .0526 -.CO_oo -.0206 - .CO 200

.25 - .1422 - .05600 - .0596 - .01000 - .0528 -.00400 -.020" - .00200

•3 - .1440 -.055oo - .o6o1 - .00_oo - .0350 -.oo4oo -.o2o8 - .oo2oo

0.4 -o.1475 -o.o55oo -o.o61o -O.OLOOO -o.o354 -o.ooACO -o.o21o -o.CO2oo
-5 - .1510 -.03400 - .062o - .01000 - .0558 - .00400 - .0212 -. CO200

.6 - .134 I_ -.o355o -.o65o -.0o950 -.o342 - .oo4oo - .o214 - .co2oo

0.8 -O.1611 -0.032_O -0.0649 -0.00950 -0.0550 -0.00390 -0.0218 -0.00200
1.0 (3) -.1676 - .05150 -.0668 -.00950 -.0557 -.00400 -.0222 -.00200

1.2 - .1739 - .02950 -.0687 - .00900 -.0565 -. O0_CO - .0226 - .00200

1.4 - .1798 - .02800 -.0705 - .00890 -.0373 - .0O400 -.0250 . .00200

1.6 - ,18_ - .02700 - .0722 - .00900 - .0581 - .00390 - .0254 - .CO200

1.8 - .1908 - .02490 - .0740 - .OO89O -.0388 - .OO4OO -.0258 i - .OO2OO
2 .O - .1957 - .02220 --0757 - .00780 - .0}96 - .00360 - .0242 _ - .00180

2.5 -0.2068 i-0.01_0 -0.0796 -0.00720 -0.0_14 -0.CO32O -0.0251 -0.00200

5.0 - .2160 - .01520 -.0832 - .CO660 - .0_30 -.00320 - .0261 - .00160

}.5 -.2236 : -,01240 -.0865 -.00580 -.0g46 -.CO300 -,0269 -.00180

4,0 - .2298 - ,O1040 -,O894 - ,CO500 - .O_61 - .00280 - .0278 - .00160
4.5 4.0488 O.OlShO -1.2905 -0.01440 -.2550 -.00840 -.O919 -.00460 -.0475 -.00240 -.0286 -.00140

5 4.0396 .01200 -1.2977 -.O1010 -.2392 -.00650 -.O9h2 -.00580 -.0&87 -.00230 -.0295 -.00140

6 4.0276 O.OO730 -1.5078 -0.00640 -0.2457 -0.OO450 -O.0980 -O.00290 -0.O510 -0.00180 -0.O307 -0.O0120

7 4.0205 .00_70 -1.5142 - .00_30 - .2502 o .CO35o -.1009 - .00230 - .0528 -.00150 - .0319 -.COICO

8 4.0196 .CO350 -1.3185 -.00500 - .2535 -.O02aO -.1032 -.COI_O -.05&3 -.COl30 -.0329 -.00090

9 4.0125 .OO230 -1.5215 - .00220 - .2559 - .CO180 -.i050 - ,CO140 - ,0556 -.COICO - .0338 -.0OO70
i0 4.0ICO .00195 -i,3257 - .00140 - .2577 - .00150 -.1065 -.CO100 - ,0566 - .00089 - .0_5 -.00065

12 4.CO69 0.00099 -I.5265 -0.0OO90 -0.2603 -0.00080 -0,108& -0.00070 -0,0585 -0.00090 i -0.0558 -Q.OO0_5

14 4.0050 .00055 -1.3283 -.00060 - .2619 - .00050 -.1098 -.00090 - .0594 - .O00hO - .0367 - .000}5

16 4.00}9 .ooo&o -1.3295 -.00040 -.2629 -.o0o_o : -.iio8 -.00050 -,o6o2 -.oo05o -.o_74 -.c_o25

18 4 .CO31 .ooo3o -1.3}o3 -.00050 -.2657 -.000_5 i -.ii14 -.00025 -.0608 -.00029 -.0}79 -.00090

20 4.0029 .00018 -1.3}09 -.00018 - .26&2 - .00018 -.ii19 - .00018 - .0615 .......... 0385 ........

29 4 .CO16 ........ 1.3518 ......... o.2651 ......... o.1128 ......... 0.0620 ......... 0.0590 ........

50 4.0011 ........ 1.5522 .......... 2656 .......... 1152 .......... 0624 .......... 0594 ........

Ivalues of F are obtained fro_ reference 2 with slight modification.

2_mlues in this range are not used.

}Values In this range are given in table II.
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TABLE I.- I)OWNWASH FAC'PO_ F - Co; eluded

(b) V&lues of F for L_y/h = %12 to ±38

F £or values of z_//h of -

-#0 -O.OOLO -O.OOlO -0.OOO9 I -0,OOO9 -O.OO08 ! -o.OOO8 -0.OOO8 -O.OO07 I -O.OOO7 -0.OOO7 -O.OO06 -0.OOO6 -0.OOO6 -0.OOO6

-.0009<?5 -.001_ -.0015 -.0012 ] -,0012

......... -F

-_'0 -0,0020 -0.0019 -0.0017 I -0.0016

-i_ -.0023 -.0022 -.0020 ] -,0018

-it -.0028 -.0025 -.0023 li -.0021

-IA -.0054 -.00_0 -.0027 I -.0024

-iL - .00_ 1 -.0036 - .0031 _ -._28

-lO -O.OO_O -0.00_5 -O.OO3? I -0,0032

-9 -.oo'_ -,oo_7 -.oo_o ] -.oo_
-.oo62 -.oob2 -,oo43 I -'°°37
-.oo,:,9 -.ooSl -.oo#t ] -.co_,

=c -.0077 -.0062 -,0091 ' -.004_

-% -0.0086 -0.OO68 -o,oo99 -o.ooa5

-4 .') -.0091 - .OO71 - .0097 = .0Oh7

-4.0 - .O09b - .007_ - .0099 - .00_8

-5.: - .0101 - .0078 - .0062 - .0090

-_ .0 - 010(_

-2.t, - .0111

-2.0 -0.0117

-L ,[_ -.01i9

-i .d

- .0124

-i .2 _ - .0126

-i .0 - .O128

.. £ - .o131

-0 .I. -0 .{]135

- .', - .01 _ -.0099 - .0076

. .i_ - .O[y._ -.0100 ; -.0076

.... i

-0.0100 -0.0077

-o_ -oo_3_-oZo!!

- .29 - .Ol yI" -.OLO1 - .OOT7

- ,Z13 - .015 _" - .OiOi - .0077

- .kS -.oi_8 - .0io0 - .0078

-.iO -.0139 -.0102 -.0078

- .Or - ,0"40 - .0102 - .0078

0 -0.01b,0 - . -O.0078

• 0.09 -O.Ol_O 0.00[9

.10 -.Ol4i -.0105 I - .0079

. l') -.0145 - .0i04 1 - -0079

.PO -.01h2 -.0£0_ I -,0079

.2"i ! -.0143 -,010_ I -.0080

- 5 - .0144 - .0L05 I - .0080

....... Jr

0._ -0.0145 -0.0105 i -O.OO80

.b -.O146 -.0106 i -.0081

.6 -.olt_7 -.olo7 i -.co8z

0.8 i -0.0i_9 -0.01o9 I =0.0082

1.0 I - .0152 - .0110 I -.0085

1.2 I -.01_ -.0111 [ -.00_

i .4 I -.OLbt) -.0113 I -.0(389

L ,6 I -.0199 -.0114 I -.0086

-.o1_t -,oti6 [ -.co{_

_ I -.o_ ! -.o._1 -.co_a2.0
-- I

2.!) -0.0L21 I -O.OO91

3.0 -.OtT_ -.0124 I -.0093

},5 - .o179 -.01281 -,oo99

.0 -.0i8_ -.OLSl [ - .oo98

/ :'-'_ I -.o_-89 -.oz_l -.Olco

_ 4-.ots_ -.o_,7, -.o_o2
[ _> /-0.0203 -0.0145 ] -0,0106

I I - .O_il -.0149 [ -.OllO

8 I -.o2_8 -.o1_ I -.o_t_
9 I - .0224 -.0i58 I - ,0117

10 I - .02_0 -,0162 I - .0120

I

15 I -0.0239 -0.0170 [ -0.0126

14 I -.02_6 -.0179 I -.Ot_O

16 I -.o_2 -.o_8o I -.o1_
[8 I -.0296 -.018_, I -,0137

2O I -.02OO -.OZ_{ I -.o1_o
I

29 [ -0.02f3_ -0.0192 -0.0i49

_: .o_o_ -.o196 -.o1_.8

-- - 4 --

-.0011 -.0010 -.0009 ] -.0008 -.0007 -.0007 = .o0o 7 - .ooo7

-0.0015 -0.0013 -0.0012 I -o.ooll -0.00i0 -0.0009 -0.0009 -o.ooo8 -0.0008

-.ooI_ -.ooi_ -.oo14 -.0012 -.0011 -.(_i0 -.0009 -.0009 -.ooo8

- .0019 - .col 7 - .OOl} - .OOl} - .00i2 -.OOll - .0010 - .0oo 9 - .0008

-.0021 -.0019 -.0o17 -.0016 [ -.0014 -.00i3 -.0012 -.0011 -.0010 -.0009

-.002_ -.C022 -.0019 1 -.0017 I -.0015 = .OOL# -.00i3 -.0012 -.0011 -.0010

-0,0028 -0.00_ -0.0019 I -0.0017 -0.0019 -0.0014 -0.0012 -0.0011 -0,0010

-.0030 -.0O26 -.0023 -.0020 ] -.0018 -.0016 -.OOl# -.0013 -.0012 -,0010

-.00_i I -.00_ -,0024 -.0019 -.OO17 -.0015 -,0013 -.0012 -,0012

-'0034 i -'OOZe9 -._29 -.(_319 -._17 -.COL9 =.00i4 = ._12 = .0012

- .C036 | - .O0}l - .0026 - ._2_ - .002O - .0018 - .0016 - .C_14 - .0013 - .0012

-0.0058 -0.0032 -0.0028 -0.0024 -0.0021 -0.0019 -0.0017 -0.0019 -0.0013 -0.0012

-.00_9 - .0035 - .0028 - .0029 - .0021 - .CO19 - .0017 -.0019 - .0014 - .0012

- .OOAO -. 00[_4 - .0029 - .0029 - ,0022 - .COl9 - .COl7 - .0015 - .0014 - .oo15

- .0041 - ,0059 - .0030 - ,0026 - .0022 - .002O - .COl 7 - .0016 - .O01h - .001_

-.6_81 -.00,4 -,0092 i -,00%3 -.0036 -.0030 -.00_6 -.0023 -,0020 -.0018 -.0016 -.001_ -.0014

.0085 -.00,)_. -'005_ I -.(_944 -.0037 -.00_I -.COZq -.0023 -.002O -.0018 -._16 i -.C_1_ -.0014

..... 1%+
F

-0,0088 -0.0069 -0.0055 -0.00_ -0.CO38 -0.0052 -0,0027 -0.0024 -O.CO2/ -0.0018 -0.0016 -0.0015 -O.COI4

-.0089 -.0070 -.oo_} -.o(_46 - .0038 -.0032 -.CO28 -.oo24 -.0021 -.0018 -.o016 -.o019 -.oo14

- .o091 - .0o71 -. OO[X_ - .o046 - .o038 - ._32 - .oo28 - .0024 - .o021 - .0019 - ._17 - .c_19 - ._14

- .0092 - .0072 -,0097 - .OOA7 - .0099 - .00_3 - .0028 ! -.0025 - .0021 -,0019 -.0017 -.0015 -.0014

-,009_ -.0075 -.00_8 -.0047 -.0039 -.0033 -,0028 -,0024 -.0021 -.C_19 - .0017 - .0013 - .0014

-.00_) -.0074 -.0058 -.0048 I -.OOAO -.0033 -.0028 -.0029 -.0022 -.0019 -.0017 -.0015 -.0014

.oo�-_ -oo_5 - oo99 -.c_8 / -.°°_o - oo3_ - .0029 -,c02[_ -,0022 -,COld -.ootq -.0019 -.0014
÷

-0.0098 [ -0.0079 -0.0060 -0.00_ 9 [ -0.0040 [ -0.0034 -0,0029 =0,0029 -0.0022 -0.0019 -0.0017 -O.COt9 -0.001_

- .0060 -.0_9 -.oe_o I -.0o54 -.0029 -.002'2 -.o022 -.0019 -.COl? -.0019 -.ooi_

-.oo61 -.00#9 -.0o_1 - .o0_ -.0029 i -.0025 -.o022 I -.0019 -.oo17 -.o019 -.ool_

-0.0061 -0.0049 -0.0o_ -0.0054 -0.0029 I -0.0025 -0.0022 -o.00i9 -0.0017 -0.0019 -0.0o14

-.0061 -.00_ -._i -._39 -.0029 -.0029 -.0022 -.0019 - .o017 -.0019 -.COlk

- .oo61 -.0090 -.0_1 -.(_4 -.0029 -.0o29 -.o022 -.0019 -.o017 -.0015 -.o01k

- .0o61 -.00_0 -.0041 -.0055 -.0029 : -.CO29 - .0022 -.oo19 -.oo17 -.COLD = .0o14

-.0062 -.0050 -,O0_i -.0039 -.00_0 -.0029 -.0022 -.0019 -.0017 -.0015 -.0014

-._O_ I -.COCO -.O0_i -.00_5 -.00_0 -.0025 - .0022 - .002O -.0017 -.COl 5 -.0014

-0,0062 1 -0.0090 -O.OOhl -0.0035 -0.0090 -0.0026 -0.0022 -O.CO20 -0.0017 -0.0019 -0.0014

-0.0002 I -0,0090 -O.OO&2 -0.0035 -0o00_0 -0.0026 -0.0025 -0.0020 -0.0017 -0.0019 -O.COI4

-.OOb_ I -.COCO -.0C_2 -.005_ -.00_0 -.0026 -.0022 -.0020 -.0017 -.COl9 -.0014

-.COb2 I -.00_0 -.00_2 -.003_ -.0090 -.0026 -,0022 -.002O -.0017 -.0016 -.COl4

-.0095 1 -.0091 -.00%2 -.003_ -.0050 -.0026 -.0025 -.0020 I -.0017 -.0016 -.0014

-.ODb5 1 -.0091 -.O0_P -.0059 -.CO30 -.0026 -.0022 -.0020 -.0017 -.0016 -,0014

-.00_ - 0091 -.0C_2 -.0059 -.00_0 -.0026 -.0022 -.0020 -.0017 -.0016 -.0014

-o:oo_-o.oo_-o,o_ -o.oo39-o.oo_-o.oo_-o.oo_-o.oo2o-o.col_-o.oo_-o.ool_
-.00_ I -.0051 1 -.00_2 -.0036 -.0030 -.0026 -.0023 -,0020 -.0018 -.0016 -.0014

-.000_ I -.0052 [ -.00_3 -.0036 -.0030 -.0026 -.002_ =.0020 -.0018 -,0016 -.0014

-0,0069 I -0.0092 _ -0.0043 -0.0036 -0.0031 -0.0026 -0,0023 -0,0020 -0,0018 -O.COt6 -0.0014

-.O06:) ! -.0093 I -.OO4_ -.0036 -,0031 -.0026 -.0023 -.0020 -.0018 -.0016 -.0014

..0066 -.O09} I -.004_ -.OO37 -,0031 -,OO27 -.CO2} -.OO2O -.OOt8 -.0016 -,COl4

- .0067 - .009_ - ,0044 - .0037 - .0031 - .OO27 - .0023 - .OO2O - .COl8 - .0016 - .CO14

-.0067 I -.00;>4 -.00_4 -.00_7 -.0031 -.0027 -.CO23 -.0021 -.COl8 -.0016 -.0014

-.oo68 ! -.oo' '; -.oo_9 -.oo37 -.OO32 -.00_7 -.CO2_ -.OO21 -.CO18 -.0016 -.0014

-.0069 ] -.OObb -.00_9 -.0038 -.OO32 -.OO27 -.0024 -.0021 -.OOI8 -.0016 -.OOl_

-0.0070 J -0.0096 -0.0046 -0.0038 -O.oo_2 -0.0028 -0.0024 -0.0021 -0.0019 1 _0.0017 -0.0014

-.0072 I -.0098 -.00_7 -.0039 -.OO33 -.0028 -.o02_ -.oo21 -.0019 -.OOl7 -.OOi4

-.ooT_ I -.0099 -.0o_8 -.00_0 -.oo_ -.0029 -.0029 -.0022 -.0019 -.0017 -.ool9

-.OO79 1 -.oo6o -.oo_9 -.oo_i -.oo_& -.oo_9 -.oo_9 -.oo_ -.ool9 -.ool7 -.oo19

-,oo77 I -.0061 -.CO�O -.OC4I -.OO99 -.OO_O -.00_6 -.OO22 -.ooeo -.OO17 -.COl6 1

-.oo79 1 -.oo62 -.oogt -.0042 -.0039 -.coCO -.0026 -.002_ -.OO20 -.0018 -.oo16 [

-O.OO&? I -0.0069 -O.O09Z -0.00_3 -0.0056 -O°O0_l -0.0027 -0.0023 -0.0020 1 -O.OOL8 -o.ool6

-.oo_ I -.0067 -.Oo_9_ --CO49 -.Oo57 -.Oo_2 -.oo27 -.oo2% -,Oo21 [ -.OO18 -.OOL6

-.0o87 1 -.OO69 -.OO96 - .OOh6 -.0038 --OO35 -.OO28 -.OO24 -.0021 -.0019 -.COL6

= .0_ I -.0071 -.0097 --0047 -.OO)9 -.0033 -.0029 -.0029 -.OO22 -.OOI9 -.OOI7

-.0092 I -.007_ -.0099 -.00_8 -.OOhO -.00_ -.0029 -.OO29 -.CO22 -.OO2O -.OOZ7

-0.0096 I -O-OO76 -0.OO61 -O.OO�O -0.00_6 _3.0031 -0.OO26 -0.C023 -0.002O -O.OOL8

-.OlO0 I -.OO79 - .006_ -.0092 -.OOZ_ -.00_7 -.0092 -.0027 -.0024 -.0021 -.0019

i -.0109 I -.OOSI -.0066 -.009_ -.00_ 9 -.00_.*,8 --OO�-*, -.0028 -.0029 -.0022 -.0020

I -.0106 -.008_ -,0068 -.0096 -.0047 --OO39 - .00_ -.OO29 -.0029 -.OO22 - .OO2O

- .0108 - .OO86 - .oo69 - -CO97 - .o048 - .OO40 - -CO_9 - .coCo - .OO26 - .CO2_ - .002o

--- - .0022
-o.otz2 I -o.oo89 I -o.oo73 -o .oo6e -o.co_o -o.co_3 -o.OoY -0.Oo32 -0.CO28 -o.Oo2_ -o.oo2_
-.OZl9 L -.0092 { - .0079 - .0062 -.0092 t -.00_4 -.00_8 -.00_ -.OO29 -.0029.... i
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0.20

.21

.22

.2,3

.24

.25

.26

.27

.28

• 2t_

.50

.51

,32

.55

.39

.56

.58

• 59
.40

.41

,42

.45

.45

.46

.47

.48

.49

.9O

-51
.92

.55

.>a

.55

.)6

,57
.58

• 59
• 60

.61

.62

.64

.65

.66

.67

.68

.69

.70

.71

.72

.75

,79
.76

-77
.78

-79
.80

.81

.82

• 83

TABLE II .- DOWNWASH FACTOR F FOR &y/h = 0 and +_2

[E×prm:_ion _f _ertlonn (5) of tahlI' l(rl)3

,_/_

F K

12. [978 -46. 980

ii,7321 -42.420

i1.5079 -58. 570

i0.9222 -59,250

lo. >699 -52,4_)

I0.2457 -_9.820

9.9_75 -27.46o

9.67 ;_) -25.49O
9.h180 -2'3.780

9. t002 -21.990

8.9605 -20.610

8.7%2 -19.180

8.5624 -18.010
8.5825 -16.870

8.2156 -£5.9go

8.0>58 -14.92_3

"1.9o_6 -14.150

7.7633 -13.3o0

/-63o5 - 12.8_

y,Doal -Ii.910

7.38_0 -11.2f_
7 ._724 -IO .750

7 ,[049 -i0.2t0

7 •0628 -9.680

6.9660 -9.22o

6.8738 -8.810

6,7857 -8.41o

6.7016 -8 .o3o
6.6213 -7.61o

6 ._4)2 -7.290

6.4725 -7 .ooo

6,4o25 -6,760

6._5h 7 -6.400

6. 2707 -6.1_o

6 .i_93 -5.91o
6.1902 -5.690

6.o955 -5.t_6o

6.0587 -5.55o

5 -986_ -5-070

5.9_57 -4.8_0

9. 8873 -_. 68O

9.8405 -4,5OO
5 -7955 -4.350

9 -7% _3 -_ .190

5,7101 -_ .090

9-6696 -5. 860

9.65t0 -5.810

9 .g929 -5.6oo

9-5969 -5.950

5.5216 -5 ._20

5.4874 -3 -270
5.4_7 -5.170

9.423o -5 .o9o

5.5921 -5.000

"_.%2t -2.88o

9.5555 -2.81o
9.5092 -2.690

5.2785 -2.670

5.2516 -2.'_0

5.22_2 -2 ,_8o

9.20t4 -p. y)o

5.1175 -2,550

.i>*o -2.260
5.1514 -2.1_80

9.1o96 -2.15o

o

ax/h

o.85
.86

,87
.88

._9

.90

.91

.92

.93

.99

.96

.97

.98

.99

1.oo

1.02
1.O4

1.06

t .08

I .IO

i .12

I. 14

i .16
1.18

i .20

f.22
1.24

i .26

1.28

1.5o

1.52

i .36

i.38
i .40

1._2

i.44
._6

z .48

1.5o

1.99

1.69

i ,7o

1-79

1.eo

1.89

L.5O

1.95
2,0

2.1

2.2

2.5
2.4

2.5
2.6

2.7
2.8

2.9

5,0

5.2

5.4
5,6

5.8

g.O

F

5 .o883

9.0677

5.0_72

9.0276
5 ,oo85

.9896

:_ .W16

.9_42

.9368

.9201

4 -9057
_ .88S0

_. 872_

4. 8975
.&;9

.8e89

.8O07

.7745

4.7496

4.7256
4.7028

.6814

4.6602

4.6404
.6214

.6037

.)842

.%95

I, .)535
,5Y_9

• 5252

.5o9o

A956
._824

._7oi

.koso

._46O

._5_8

z, .1_21+o

4.4_.56

4.4058

_.3799

4.3589
4.5388

4 . 3P05

4.5o36

4. 2878

4.27_

4. 2603

4.2_76

.2561
4.21h9

4.1972

. t8o5

8.1669

_._o
4.1926

4.1330

.1237

4,1195

4. lO82

4.0992

A ,08h5

8 -0755
4 .o6&

4.0616

K

-2 ,o6O

-2.0_

-1.96o

-1.950

-t ._o
-1,800

-1.74o

-1.740

-1.67o
-1._o

-1.57o

-1._/ao

-1._

-1..5oo

-1.3_

-1,310

-1.245

-1.200
-l,lkO

-i,070
-I.06O

-.9_

-._0

-.875

-.770

-.7_o

-.710
-.670

-.66O

-.615

-.609
-.600

--56O

-._0

-._

-._78

-.g_

-.570
--33_

-.316

-.2_

-._2

-.25o

-.212

-.167

-.136

-.ii_

-.o_

-.095
-.o_

-.o71
-._5

-.o_

-.036

-.0_
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TABLE V.- TRAPEZOIDAL INTEGRATING MATRIX llint,T

Y 0.95 0.85 0.75 0.65 0.55 0.45 0.55 0.25 0.15 0.05
b/2

0.95 0.05 0

.85 .i .05

•75 .i .i

.6_ .i .i

•55 .i .i

.45 .i .i

•35 .i .i

•25 .i .i

.15 .i .i

.05 .i .i

0 .I .i

0 0 0

0 0 0

•05 0 0

.I .O5 0

.I .i

.i .i

.i .i

.i .i

.i .i

.i .i

.I .i

.o5

.i

.i

.i

.i

.i

.i

0

0

0

0

0

.05

.i

.i

.I

.i

.i

0

0

0

0

0

0

0

0

0

0

0

0

.05 o

.i

.i

.i

.i

0

0

0

0

0

0

0

•O5 0

.i

.i

.i

0

0

0

0

0

0

0

0

•05 0

.i .09

.I .i
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TABLE VI.- WING-ROOT S_, BENDING-MOMENT,

AND PITCHING-MOMENT COMPONENTS

qmR,

ib

ft 2-deg

0

i0

20

3O
4O

5O
6O

7O
8O

9o
i00

[L_, r' Mb,_, r' MY,c_,r' Ln,r, _%,n,r,

lb/deg in-lb/deg in-lb/deg lb/g in-lb/g

(62)

Wing-root values derived from equations

(65) (68) (63) (66)

0 0 0

-1,307,900 1,226 548,200

-2,334,000 2,067 942,300

-3,183,600 2,664 1,239,700

-3,915,700 3,103 1,472,200

-4,565,900 3,428 1,659,200

-5,157,200 3,670 1,812,700

-5,704,800 3,850 1,941,000

-6,219,600 3,982 2,049,850

-6,709,200 4,076 2,143,100

-7,179,400 4,139 2,223,600

0

6,553

12,052

16,878

21,244

25,283

29,076

32,630
36,134
39,467
42,699

0

1,893,500

3,372,200

_,588,400

5,627,300

6,540,600

7,360,700

8,110,500

8,805,300

9,456,300

10,071,800

My, n, r,

in-lb/g

(69)

o

-338,990

-571,300

-736,600

-857,100

-945,900

-1,011,700

-1,059,980

-1,094,700

-1,118,500

-1,133,500
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qlm_b' L_, r,

ft2_deg ib/deg

0 0

lO 6,553

20 ]2,052

30 16,878

40 21,244

50 25,283

60 29,076

70 32,680

80 36,134

9o 39,467

lOO 42,699

TABLE VII.- SAMPLE CALCULATIONS PER UNIT _ CHANGE IN LOADFACTOR

W = llO, OOO pounds; = -211 = -768.3 inches]Xcg inches; xt J

(a) Wing-root angle of attack, wing im_d

in-lb/deg

0

-1,507,900

-2,334,000

-3,183,600

-3,915,700

-4,565,900

-5,157,200

-5,704,800

-6,219,600

-6,709,200

-7,179,400

® G

ib/g

0

4,851

9,014

]2,734

16,147

19,_0

22,363

25,255

28,039

30,734

35,_94

and tail load

0

1,226

2,067

2,664

3,103

3,428

3,670

3,850
13,982
4,076

4,139

®

o

-338,990

-571, 300

-736,600

-857, i00

-945,900

-1,011,700

-1,059,980

-1,09%,700

-1,118,900

-1,133,300

®

o

39,112

38,574

38,192

37,910

37,700

37, 51_

37,427

37,340

37,277

37,233

® ® ®
@@-,-@

_m-,r
_n

lb/g

8.o627

4.2793

2.9992

2.3478

1.9493

1.6788
1.48_0

1.3317

1.2129
z. 1163

(a)
54,061

53,642

53,285

52,980

92,7]2

52,484

52,280

52,102

51,945

51,804

ii0,000 - 2@

= _--,

ib/g

(a)
1,878

2,716

3,430

4,o4o

4,576

5,032

5,440
5,796

6,110

6,392

(b) Pitching and bending m_ents

®

Mb,cL2r'

in-lb/deg

0

1,893,500

3,372,200

4,588,400

5,627,300

6,540,600

7,360,700

8,110,500
8,805,300

9,456,300

10,071,800

@ ®

@@+@
&n

®

@@÷@
=____

@

-206.6

®
@

Ycp = _'

in.

b299.5

948, 200

942,300

i,239,700

1,472,200

1,659,200

1,812,700

1,941,000

2,049,890

2,143,100
2,223,600

-i0,88_,200

-10,559,200

-10,284,900

-10,050,400

-9,8_6,200

-9,669,600

-9,514,5oo

-9,377,300

-9,296,100

-9,147,900

15,814,900

19,375,000

15,001,200

14,684,000

14,408,800

14,169,800

13,960,800

13,775,9oo
13,612,600

13,466,800

-201.3

-196.8
-193. o
-189.7
-].86.8

-184.2
-182. o
-18o. 0

-178.2
-176.6

292.5
286.6

28L5

27% 2

273.3

270.0
26%O
264.4
262.1

26o.o

®
_r.ll c
-- X 100 1

percent

0

3.399
6.2,86

8.723
10.840

]2.700

14.368
15.779
17.062

18.217

19.243

alndetermlnate value.

bRigid-wing value.
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Ladd,y

Ladd,r

1.O

.8

.6

.4

qm R ,

ft_bdeg

O lO

- I I I I --__ I

.2 .h .6 .8 l.O

Semispan station, Y
b/2

_,add

Ladd,r

(a) Additional airload shear per unit of shear at center line.

100 --

0 .2 .4 .6 .8 i.O

Y
S_mis pan station,

b/2

(b) Additional airload bending moment per unit of shear at center line.

Figure 3.- Spanwise variation of additional airload shear and bending

moment for sample wing at two values of qm R.
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qmR,
lb

ft2-deg

100

8O

6O

20

2O

0

- ///,,,/.

//i/// /

- / ,,}Y.. .
/,,'./- - o.8o

/,IX" .50

i °
vJ 1 I I

I

200 200 600 800 1,000

Dynamic pressure, q, ib/sq ft

Figure 4.- Variation of qmR with dynamic pressure for several Mach num-

bers for sample airplane.

NASA - Langley Field, V.. L-155


